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BBeneHue

['mapomexaHrka — pa3eia MEXaHUKU CIUIOIIHOM CPEIbI,
M3YYaAOIIUU TEUEHUS )KUIKOCTEU U Ta30B, B TOM YHUCIIE C
YUETOM 3JIEKTPOMATrHUTHBIX MOJEHU U IIPOUCXOIAIINX B
HUX (PU3HKO-XUMHUYECKUX NPOLICCCOB, a TAKKE JBUKCHUE
B HUX TBEpAbIX Tea. IInaBanne kopadiaei, HOABOIHBIX
JIOJIOK U TOPIIE, ITOJETHI J0- U CBEPX3BYKOBBIX CAMOJIETOB
M pakeT, PUiIbTpanys BOAbl, HE(PTHU M ra3a B TOJIIIE 3EMIIH,
M3BEPKECHUSA BYJIKAHOB U CXOJI JIABUH, OPUECHTALUASA
KUIKAX KPUCTAIOB, MHOTHE aCTPOPU3UUECCKUE
Ipo0JIEMBI — BCE ATO 3aJa4M THAPOMEXAHUKH.



KoMnneKkcHbIN noTeHunan.
KoMnrnekcHaa CKOpPOCTb.

PaccmoTpuM 0€3BUXPEBOE JIBUIKEHUE UICATBHOM
KUJIKOCTU. B 00111eM ciiydae TpeXMepHOIro ABHKEHUS
TeUeHHUE OyIeT 0€3BUXPEBBIM (MOTEHIIUAIBLHBIM), €CIIM BO
BCEM IOTOKE BBINOJIHsETCS yenoBue rot V- = 0. 910
yCJIOBHE MO3BOJISIET BBECTU (PYHKIIHMIO (O, HA3BIBAEMYIO
ITOTEHIIMAJIOM CKOPOCTEHM.

* 1Ipoexuun CKOpOCTH ONPENEIIAIOTCS CIEAYIOIUMU
COOTHOIIECHUSIMU

d d d
u==2; v=—¢;w=—¢.(1.1)
dx dy dz

* Bekrop ckopoctu oyner V = grad ¢.
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HanOonpmnii npakTUYECKU MHTEPEC UMEET TIOCKOE
0€3BUXPEBOE CTALMOHAPHOE JBUKECHUE HECKUMAECMOM
KUAKOCTU. [110CKMM HA3bIBAETCS TAKOE ABMXKEHUE, IIPU
KOTOPOM BC€ YaCTHUIIbI KUIKOCTHU IIEPEMENIAIOTCSA
[apajuieIbHO HEKOTOPOU INIOCKOCTH. lIpu 3TOM IBUXKEHUE
BO BCEX IJIOCKOCTSAX, MapalIENbHbIX 3TOM MIIOCKOCTH,
OJIMHAKOBO.

HOTCHHI/IEU'I CKOPOCTH IINTIOCKOI'O ABHU’KCHU .

u=d—(p; v=d—(p.(1.2)
dx dy



/
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YPaBHCHI/IC HCPA3PBIBHOCTH I HEeCKUMaeMou KUIKOCTHU B
IIJTOCKOM ABHUKCHHUU I/IMCCT BHU/I.

du
= dy = (0 uiu div V=0.

» Eciiu BBeCTH (yHKIMIO Y, CBSI3aHHYIO C PO EKIUAMU
CKOPOCTEUN PaBEHCTBAMMU:

—dy. -4y
U==—i v =EES)

To dyHKUIMA Y TOXIECTBEHHO y,Z[OBJIeTBOpHeT YPaBHEHUIO
HEPa3pPbIBHOCTH, TAK KAK IIPH IMOJCTAHOBKE B HETO 3HAYCHUM U
1 vV U3 BeIpaxeHuu (1.3) monyunm

02y 02y
dx dy  Ox dy

0.



OyHKIUA y Ha3bIBACTCS (PYHKIMEN TOKA, a BRIPAXKCHUE
(X, y) =C sBIgeTCa ypaBHEHUEM JIMHUU TOKA.

Tak >xe, Kak ¥ MOTEHIIMAJl CKOPOCTEM, (PyHKIIMS TOKa
OIIPEAEIAETCSA C TOUHOCTHIO JI0 IIOCTOSSHHOMU.

: quTbIBaH, YTO TCUCHUC ABJIIACTCA 663BI/IXpeBI>IM, T.C
ov ou

rotlV = = 5 =10
ITOJIyYUM
920 924
- ={)
X2 0y2

[ToxacTaBisis 3Ha4€HUS U U V U3 paBeHCTB (1.2) B
YPAaBHEHUE HEPA3ZPHIBHOCTH, ITOJIYYUM

92 92
=
ox"2 oy"2
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~ @ Dm ypaBHEHHUS ITOKa3bIBAKOT, UTO KaK (DYHKIIMS TOKA, TaK U
IIOTEHIIMAJI CKOPOCTH YIOBJIETBOPSIOT ypaBHEHUIO Jlamnaca, T.e.
SBJISIFOTCS] TAPMOHUYECKUMU (PYHKITASIMH.

N3 cpaBHeHus paBeHCTB (1.2) u (1.3) cinenyer:

0 _ .00 _ 3 4

0x oy’ oy 0x
M3BECTHO, 4TO €CJI JIB€ PYHKIIUHU @ U Y OT X U Y YIOBIICTBOPSIOT
ycioBuaM Konm-PruMaHa, TO KOMIUIEKCHAsI BEIUYWHA

o(x,y) + P (x,y)

' HE IIPOCTO 3aBHUCHUT OT X U Y, a ABIISIETCS (DYHKIMEH OT OTHOM
KOMILIEKCHOM MEPEMEHHOM, Z, paBHOU z = X + [y = re’if.
Takum oOpa3om, cymiecTByeT (YHKIIMS KOMILUIEKCHOM ITEpEMEHHOU
W (z), BellieCTBeHHAs: 1 MHUMas YaCTH KOTOPOM OyayT @ U\, T.€.

Wi(z) = oxy) + b (x,y).(1.5)
Oyukuua W (z) uMeeT o4eHb OONBIIOE 3HAYCHUE B TEOPUHU

0€3BHUXPEBOr0 INIOCKOTO MTOTOKA M HA3bIBAETCSI KOMITJIEKCHBIM
MOTEHIIMAJIOM, WJIM XapaKTEPUCTUUECKON (DYHKIIUECH TCUCHUS.



1 BennuunHa 1 HampaBIiIeHUE CKOPOCTH V B KOMIUIEKCHOM IIIOCKOCTH

(puc.1.1) onpenenurca Gopmynoit
‘ V =u + iv.

Vv

puc 1.1

CpaBHHBas OIYYEHHOE BbIpakeHHE ¢ opMyIion (1.6), BUIUM, 4TO
MIPOM3BOJHAS OT KOMIUIEKCHOIO ITOTEHIIMAJIa IO KOOPJINHATE paBHA
BEJIMYMHE CKOPOCTH, HO I10 HAIIPABJICHUIO COBITAJIAECT C 3€pKaJIbHBIM
OTOOpaKEHUEM BEKTOpPAa CKOPOCTH OTHOCUTEIBHO BEIIECTBEHHOW OCH.

Tak kak B TCOPHUHU KOMIIJICKCHOI'O IICPECMCHHOI'O BCIIMYUHBI Z = X =

YU Z = X — LY Ha3bIBaIOT CONPSKEHHBIMU, TO
iy
MOYXHO Ha3BaTh COMPSKEHHOU CKOPOCTHIO.



HekoTopble NpocTenLlne
NoTeHLUMaNnbHbIE MOTOKN.

IL1ockonapaJjieJibHbIN OTOK.

¢ Hawubonee mpocThIM IPUMEPOM KOMILICKCHOTO IMOTEHIIMANA SBIISICTCS BhIPAXKECHUE
W(z) = alz = alx + ialy.

BBIPAXKEHHUE )11 BEIIECTBEHHOIO, MHUMOI'O M KOMILJIEKCHOTO 3HAUYCHUI YUCIa a.

* Ecam a = al BeniecTrBeHHO, TO
W(z) = alz = alx + ialy.

* Takkak W (z) = @+ iy, Top = alxuy = aly, oTKyga Moiay4um, 4To
SKBUMOTECHIMATBHBIC IUHUU (9 = CONSt UMEIOT BUJ

@ = alx = C,
T.€. OyIyT CEMENCTBOM MPSAMBIX, MapaJIJIEIbHBIX OCH Y, a IMHUM TOKa
Y =aly = C

OyayT CEMENCTBOM IPSMBIX, ITapaJICIbHBIX OCH X.

* Ecnu yuciao a MEUMOE, T.€. 2 = [ al (al — BEeecTBEHHOE YHCIIO0), TO
Wz =az =ial(x +iy) = —aly + ialx,

Ttormap = —aly = Cuy = alx.
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OKBUIOTCHIIUAJIbHBIC TUHUHU U IMHUU TOKa COOTBETCTBEHHO OYIyT:
o = —aly =Cuy = alx = C
' [lo cpaBHEHHUIO C TIPEABIAYIIAM CIy4aeM JUHUHU TOKA U

SKBHUITOTCHIOUAJIBHBIC JIMHUHA ITPH YMHOXKCHHUHN KOMIIJICKCHOI'O
ITOTCHIIHMAJIa Ha MHUMYIO CAMHUIY MCHAIOTCA MCCTaAaMU.

[Ipoekuuu CKOpoCTEN OyIyT

" T e oY

= —=— = 0.uv = = —— = al

dx oy : dy ox
Ecnu a — koMmiekcHoe 4ncio, paBHoe a =al +1a2 (al n a2
BEILIECTBEHHBIC MOJIOKUTEIBHBIC YHMCIIA), TO KOMILUICKCHBIN
IIOTEHI AT Oy/IeT

Wz =az =(al +ia2)(x +iy) = o+ Y
' B aToM ciydae moTeHInaa CKOpoCcTH @ U PyHKIUS TOKA \y UMEIOT

BUI;

de

@ = alx — a2yny = a2x + aly,
a IPOEKILIMU CKOPOCTEN PaBHBI

T e St Pl
u—dx—ay—alnv—ay— —= T




MU CTOYHHK U CTOK.
PaccMOTpUM KOMIUIEKCHBINA MTOTEHIMAJ BU/IA
W(z) =alnz = ¢+ ip(2.1)
[IycTh a — BemecTBeHHOE uncio. Toraa
W(z) = alnz = alnrei@ = alnr + alnei@ = alnr + iaf
[ToreHman ckopocTy U QYHKIMS TOKA TAKOTO JBWKECHUS OyIyT UMETh BU/I
@ =alnr uyY =ab
JIuHUM TOKA U SKBUNOTEHUUAJIbHBIE JIMHUU OYAyT CEMENCTBOM MPSMBIX,

IPOXOASAIIMX YEPE3 HaYaI0 KOOPAMHAT, U CEMEUCTBOM OKPYKHOCTEU € LIEHTPOM B
HayaJjie KOOp/IMHAT.

CocTaBisoIME CKOPOCTEN MOXKHO OINPEICIUTh COITIACHO BBIPAXKEHUSM:

- _c')go_c')tp_c') , =0
i E)r_rc')B_c')ranr_r
g
VB—%—O

3Hak V omnpeaenseTcs 3HaKOM 4ucia a. Eciay a monokuTesnbHo, TO HalpaBJIEHUE
JIMHUM TOKa Oy€T COOTBETCTBOBATh UCTOUHMKY; MIPH OTPULIATEILHOM a — CTOKY.

KoMruiekcHbIN MOTEHIMaI TaKOro IMOTOKa MOKHO MPEJICTaBUTh B BUJIC
W (z) = Cing
2T
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S Buxps.

Ecnu B KOMIIEKCHOM moTeHImajie (2.1) 9ucio a — MHUMOE, T.€.

{ a =ial
Wz)=iallnz= o+ iy

TO II0 CPAaBHEHMUIO C MPEABIAYIIUM JMHUU TOKA U YKBUINOTCHIUAIBHBIE JTUHUU
IIOMEHSAOTCA MECTaMMU.
@ = —alduy = allnr, aypaBHeHHUS JIUHUN TOKA U
HKBUIOTCHIMAJIBHBIX JIMHUN OyTyT COOTBETCTBEHHO BBIPA)KaThb CEMEUCTBO
OKPY>KHOCTEM C LIEHTPOM B Ha4daje KOOPJAUHAT U CEMEUCTBO MPSAMBIX,
IIPOXOISIIUX YEPE3 HAYAI0 KOOPAUHAT.

KoMIuTeKCHBIN MOTeHIMAJI MOTOKa ¢ NUpKyIsinuen [ Oyner uMeTs BUA
— i Is
=z il

Bennunna CKOPOCTH O6paTHO IMIPpONOpHHUOHAJIbHA paanuycCy I, T.C.

s St
2T

Takoe NBMKEHUE KUAKOCTA COOTBETCTBYET HUPKYISIIUOHHOMY MOTOKY
BOKPYT' BUXPEBOW HUTH.
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BuxpecToKk M BUXPEHCTOYHUK.

[Ipy KOMIUIEKCHOM 3HAYEHUM YHuciia a, paBHOM al +
[ b1, KOMIUIEKCHBIN MOTEHIMAN OyJI€T UMETh BU/]I
W(z) = (al +ibl)lnz = (al + ibl)Inre”ib
= (al + ibl) (Inr 4+ Ine?if)
= (allnr — b160) + i(blInr + alB),

OTKyJa MOTCHIIMAJI CKOPOCTHU (¢ U (PYHKIMS TOKA \y PABHBI
@ = allnr — b16; Y = blinr + alb

DTO JBMXKECHME MOKHO PacCMaTpyBaTh Kak CYMMY JIBYX
MPEAIIECTBYOIIMX ITOTOKOB: UCTOYHUKA WUJIM CTOKA U
BUXPSL.



JInmmoin.
- KOMITIEKCHBIN MTOTEHITUAI
m 1
W(z) = ===
e
- Ilocne nmoacTtaHoBKU Z = X + 1Y HOJIYYUM
X — 1y m X — 1y

W = = >
(2) 2 (x+iy)(x —iy) 2n/() xZ Ey2
OTKy/Ia TIOTEHIIMAJI CKOPOCTHU ¢ M (PYHKIIHUS TOKa | OymyT

NMCTH BU/I
m X

— U —
4 2T X242 Y

=
2 T X242
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croBMe NoOo0OnsKOHBEKTUBHOTO |
TennoodbmMeHa npu BblHY>KAEHHOM ABUXEHUU

TEeNMNIMOHOCUTESA.

KoHBEKTHUBHBIN TETIOOOMEH OMUCKHIBAETCS CUCTEMOM
niddepeHIiaabHbIX YpaBHEHUM U YCIOBUSIMHU
OJIHO3HAYHOCTH, KOTOPHIE COAEPp KaT OOJIbIIOE KOJIUYECCTB
HEN3BECTHBIX. AHAIIMTUYECCKOE PEIICHUE TTIOJTHOM CUCTEMBI
niddepeHnanbHbIX YPaBHEHUN OUYE€Hb TPYA0EMKO, IOATOMY
IIpH PEIICHUHN 33724 KOHBEKTHBHOTO TEIIO0OMEHA OOJIBIIOE
3HAYCHHUE IIPUOOPETAECT SKCIICPUMEHTAIBbHBIN ITYTh
HCCIICJOBAHUM.

/

HenocTarkoM 3KCIEpUMEHTAIIBHBIX UCCIIECIOBAHUM ABIISIETCSA
HEBO3MOKHOCTh PACIPOCTPAHEHUS PE3YIIBTATOB, ITOJYUYEHHBIX
B JIJAHHOM OIIBITE, HA JPYTHUE ABJICHUS U IIPOLECCHI,
OTJIMYAIOIIUECS OT U3YUEHHOTO.



p_—

C noMoIIbI0 TEOPUHU TTOA00HUS pa3MepHbIe (PU3NUECKHUE
BEJIMYMHBI OOBEAUHSIOT B O€3pa3MepHbIe KOMILIEKCHI,
YHUCJIO KOTOPBIX 3HAYUTEIbHO MEHBIIIE, YEM HEU3BECTHBIX
BEJIMUNH. be3pasMepHble KOMIUIEKCHI pacCMaTPUBAOTCS
KaK HOBBIE€ IIEPEMEHHBIE, UTO YIIPOIIAET UCCIICIOBAHUE
(GU3NYECKUX MTPOIECCOB.

[Ipu BBITOJTHEHUM HEOOXOMMBIX IIPEANOCHUIOK TTOA00MS
CTAllMOHAPHBIE TIPOLECCHl KOHBEKTUBHOI'O TEIJI0OOOMEHA
IIPU BBIHYKJICHHOM JIBHKCHUM OyIyT IOAOOHBI, €CJIU JBa
onpenensomux kpurepus (Re u Pr) OynyTt yncinenno
OJINHAKOBBIMU:

Re = idem Pr = idem (3.1)



Kputepuii Re onpenensier ruipoMeXaHM4eCcKoe Mogooue TeUeHUs
TETUIOHOCUTEIISA:

wl
Re = 7 (32)

rJe ® — OOBIYHO CPENIHSS CKOPOCTh TEUEHHUS TEIIOHOCUTENIS B Ha4aJIbHOM
CEUYECHUU CHUCTEMBI, M/C;

| — reomeTpudeckuii pa3mep CUCTEMBI (AMAMETP KAIUIU, pa3Mep IJIACTUHBI U
b hE
n — KO3 PUIMEHT KHHEMATHYECKOM BA3KOCTH TETUIOHOCUTENS, M2/C

U
vV = —

P
Teropuznueckoil XapakTEPUCTUKON TEIIIOHOCUTEIISI SIBJISIETCS KPUTEPUIA
[Tpanaris, cocToAmuii U3 PU3NIECKUX MapaMeTpPOB:
% Ucp
Pr= - umuPr=——,
a A

A
T.K.a = = (N

OnrHaKOBOCTH onpenesstomux kpurepueB Re u Pr onpenensier ycinoBus
TEIUIOBOIO MOAOOMS IIPU BBIHYKJICHHOM JIBWKCHUHU TEIJIOHOCUTEIICH.



/\U/

~ @ Kax cieicTBre, OXHMHAKOBBIMHE SBISIOTCS U OIPEIEIIEMBIC
KPUTEPUM:
- xpurepur Hyccenbra Nu, XapakTepu3yrolui HHTEHCUBHOCTh
KOHBEKTMBHOI'O TEILIOOOMEHA:

Nu = Z(3.4)
rae o — ko3 dunueHtT Temnooraaun, BT/(M2K);

| — onpenensromuii pazmep (Hanpumep, auamerp d), M;

A — K03(D(PULMEHT TEIIOIPOBOIHOCTH TeroHocutels, Br/(M K);
al

Nu = = idem (3.5)

ABJIICTCA CIICACTBUCM YCTAHOBHUBIICTOCA HOIIO6I/IH.

- KpurepuanbsHoe ypaBHEHUE 1JIs1 KOHBEKTHBHOI'O TEMJI000OMEHA IIPH
BBIHYJICHHOM JIBM>KEHUU TEINIOHOCUTENS UMEET BUJL:

Nu = f (Re,Pr) (3.6)

 Kputepuii Hyccenbra sBisiercss onpeaensaeMbIM, T.K. COAEPKUAT
K03 (P (HUIIMEHT TEIUIOOTAAYU O, SIBIAOMIMICS (QYHKIMEH Mpoliecca
TEIIOOOMEHA.



| A npouec

TenrnoobmeHa npu ceobogHom
KOHBEKLIUN.

) IIporecc eCTeCTBEHHONM KOHBEKIIMU BO3ZHUKAET 32 CUET PA3HOCTHU
IUIOTHOCTEN HArpeThiX U XOJIOAHBIX YACTUI] TEIIJIOHOCUTEIIS.

¢ [lpuHsAB NTMHENHOE U3MEHEHUE MIIIOTHOCTUA TEIUIOHOCUTEIIST OT
TEMIIEPATYPHI

p = px[l=B(t=tx)]
U YUUTbIBasA, 9YTO IIJIOTHOCTH P HAI'PCTOI'O TCIINIOHOCUTCIIAI MCHBIIC, YCM

pPX, T.C. p < PK XOJIOAHOI'O TCIIJIOHOCUTEIISI, TO BOZHUKACT IIOABEMHAsL
CHJIa.

g (px-p) = gpxf(t-tx)(3.7)
rae 3 — ko3puueHT 00bEMHOr0 pacCHIUPEHUS TEIIOHOCUTEIIS;

t ¥ K — TeMIepaTypbl HArpETOro M XOJIOJHOTO TETIOHOCUTEIIEH
COOTBETCTBEHHO;

g — YCKOpEHHE CBOOOHOrO MaJieHus, M/c2.
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[Ipennoceuikoi 1mogoousi TEII000OMEHA IIPU €CTECTBEHHOM KOHBEKIUU
IOJDKHO OBITh TEOMETPUYECKOE MOI00ME CUCTEM U MOJI00He
TEMIIEPATYPHBIX IIOJIEW HA IIOBEPXHOCTH HATPEBA WJIA OXJIAXKICHUS.

CranuoHapHbIE MPOLIECCHl CBOOOJHONM KOHBEKIIMM MOI00HBI, €CIIM JIBa
onpenensomux Kkpurepus: kpurepuii I'pacropa Gr u kpurepuii [Ipanaris
Pr — 4HMCJIEHHO OIMHAKOBBHI:

Gr = idem Pr = idem (3.8)

Kpurtepuit Gr xapakrepu3yeT OTHOCUTEIIbHYIO 3(()EKTUBHOCTH MOIBEMHOM
CHUJIbI, BBI3BIBAIOIIEH CBOOOHOE KOHBEKTUBHOE ABHMXKCHUE CPEIIbI:

__ gPpAtl3
Gr = = (3.9)

rae At — xapakTrepHas pa3HOCTb TeMIIEpaTyp;
| — xapakTepHbIil pazmep.

B reomerpudecku momo0HBIX CUCTEMax CBOOOAHOM KOHBEKLIMH KPUTEPUI
Nu o1MHaKoB:

al :
N—= == idem,

a KpUTEpUAIbHOE YpaBHEHUE UMEET BU/I
Nu = f (Gr,Pr)
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BbiBOAO

[ mapomMexaHukKa M3y4daeT BCE JABUNKCHUSA KUIKOCTEU U
ra3oB. [ HApOMEXaHUKa U €€ 4acCTh I'MIPaBIUKa
IIPUKJIAgHAs HAyKa, KOTOpas U3y4yaeT 3aKOHOMEPHOCTH
JIBUXKCHUSA )KUJAKOCTEU U IMIPUMEHEHUE 3TUX 3aKOHOB K
PEIICHUIO U30MEPHBIX 3a1a4.



Cnacmnoo 3a BHUMaHume!



