MeToa OpTOroHaNbHbIX UCKNHOYEHWT

OpTOoroHanebHble OTPaXKeHUS

OTparkeHne BeKTopa x
OTHOCUTENBHO TUNep-
NNOCKOCTH (z,p) = 0.

(z,p)

p = Px
]I

y=x—2

2p;p;

P;; = %'—W (2,7

P*P = pPP*=pP?—]

3apava |lz|| = |lyl|,
x — Y

OoTBeT p =y — x,
y = Px



AsyxanaroHanusauma, A — N X N
HalitTn opToroHaneHble P n Q:
PAQ = D, rpe



ANIFOPUTM peLLeHuns.
A0 = 4 p(1) A1) = p(1) 4(0).

( a%) \ ( a%) \ dq di * ... =%
L I I R T
\ag\l[)lj \agg)l/ 0 0 % ... *

Q(l);

@20, 0@y = @ oD, 00 (g1 b, 0).

10 ... 0 di by 0 ... 0
Q(l): 0 = .... % :>A(2):A(1)Q(1): 0 = = ..,, %k

O * * & @ * 0 * * . e *



CuMmmMeTpuriecKast
CIIeKTpaJibHasl 3ajada

Av=Av, A=A"

Teopewma [Beiinb]
A=A" NA=nNA" A=A+ 1A

— Ay — Aul < 124



Bapunanunonnsiit npunnun Puniepa-Kypanra

A=A

Ay_i = min max
lgill =1, llx[[# 0

i=1,...,k (g;,x)=0

Ayl = max min
lgill =1, x|l # 0

i=1,...,k (@g;,x)=0

CJIGXLC’I‘BHG BapnalnOHHOI'O IIPpHUHINIIA

(Ax, x)
(x, x)

(Ax, x)
(x, x)

A=A", B=B", (Ax,x) 2 (Bx,x) = Aj(A) = A{(B)



JokazaTenbeTBo TeopeMbl Beftis

(Zx, x) = ((A+AA)x, x) = (Ax, x) + (AAx, x) < (Ax, x) + (||AA]lx, x)

—~—

= A <A +]IAl

AHAJOTMYHO ;fj > A]- — [|A]|



YiipolieHne

dy by 0 )
pAP =5 =| P2 %2
0 bpv dm )

Sw = SPv = PAP*Pv = APv = Aw



(dl Cy 0 )
T = by bic; >0
RV
L0 byt dat )

D7) = det(T — Al = 0.

[Tonaraem
cpm+1 = 1, Do(A) =1 = Di(A) = (dy — A)Dy_1(A) — by Dy_o(A)

JlemMa Hymn Dy(A) BemecTBeHHbl 1 pas IMIHbL.

Mexay aByMs coceqHUMI HyIssMu D ]-+1(/\) eCTb B TOUHOCTU OJINH HYJIb D]-(/’L)

/11<(u1</12<~~</\]-<y]-</\j+1



HokazaTeabcTBO 110 MHIYKIINN:
Di(A) = A=A"=d
Koadpurment npu crapmeit crenenn Dy mosiozKuTeeH = BETBU 11apadOJIbl

HallpaBJ/ICHbI BBEPX.

Dy(A) = A% + ...

Dy(A") = (d1 — A")(dy = A7) = bacy = =bacy <0

»»»»»» napaboia nepecekaer och abice ~OCHOBAHNE JIJId MHIYKINN



Hycrs aas D(A) (j < k — 1) nemwma Jloka3aHa.
1)A <0, Al >>1 = Dj(A) >0, tk. Di(A) = (=A)) +...

2)yere Ap < Ay <-+- < Ap_y < Ap_q ~ xopun Dp_1(A) =V (A, Ajypp) A
HYys1b Dj_n(A):

Dy_2(A1) >0

Dy_2(Aj)Dy_2(Aj41) <0



Borancagem Dy(Aq), pasaarag no k-oit crpoke (k-my crosoiy)
Dy(A1) = =bkegDy—o(A1) + dgDy_2(A1) = =bycgDy_2(A1) <0

= Dk(—oo) >0

—> Ha nHTepBaJe (—oo, A1) ectb x0T OBl 0JH KopeHb Di(A).

Di(Ay) = =brexDy—2(A7),  Dr—2(A)Dy—2(Aiy1) <0 = D(A)D(Ajr1) <O

3HaunT Mexly Touek A; Dy Mensier 3Hak = umeeM 11 — 1 KOpeHb.



[pu A — 0o D(A)Dg5(A) >0, k. (~A)(=1)"% = 422

Ho Di(Ax_1)Dy_2(A_1) < 0 = na unrepsase (Ay_q, ©0) ecrb XoTa Obl OANH
KOpeHb NoJanHOMa Dy(A).

JleMMa okaszaHa



Onpenenenne nocienosarenabuoctu HTypma

Di(A) = (d ~ M)Dg_1(A) — byegDy_o(A)

Ck+11Dg-1(A) _ [
Dy(2) d — A = Ibgllckl Dy —2(A)/ Dg—1(A)

_ o1 IDe 1)

Pr(A) (1<k<M
. Dy(A) )
IocnenoBare1bHOCTE IH'I‘ypma
e
PV = 725
Cry1l

" d- A= P ()



Teopema (LTypm)

V Ag uncno A < Ag - Dp(A) =0 (csn. T) = ancny Pi(dg) <0, j=1,...,.M

3ajada; BeIUAC/INTD /\]-(S)
Meto bucexiuii:
1) A/(S) € [X~, X*]

Xt -X"
2)y=——7— P

+——+4--- 4+ —+ = | MUHYCOB

3ifl>j= Xt:=y
fl<j= X 1=y



Hoxkazarebero Teopembl LLTypma

P1(A), Po(A), ..., Pm(A) & + ——+ -+ — —+
Dj_1(A) ].
Pi(A) = lcj+1|—D]-(/1) , DiA) = (=AY +...

fAg<0, Mgl >>1 =+, +, ..., +
fAg>0, [Agl>> 1= —-, —, ..., —

A Mg .. Ay~ kopuit Dyg(A), (A Arpq] (Mg, Adl

A* € (Ag_1, Ax] — onun u3 xopaeit nosmHOMOB D1(A), Do(A), ...



1. A* xopenn Dyg(A) u ne xopenn Dj(/l) 1<j<M-1)=
B A" Ppm(A) menster suak ¢ “+"ma ‘= Pi(A) (1 < j < M —1) coxpansor
3HAKN




’ 11 g k # J.
2. A" KopeHb Di(A) (j < M) n ne xoperb Dy(A) pna j

L ) = el
Pj(/\)=|0j+1lm, j+1 M5 1

B A" P]'(/\) + — - p]'+1(/\) - — 4+

J
D j+l \ 1 \ D j |
Vo
\ ”
\ 7
\ "‘c.. / .
\ "'.‘. .....0“
\7 l-..‘ /f . ~ )
NOLA A -
\ F o.’... '..'. "
S eranas®



3. A" kopenb JByx nommuoMoB Dj(A) n Di(A) npu j <k (= k#j+1)

If k=M, To npaBee A™: Ha M-M mecte nobasngerca "="  (j + 1)-if Ha
j-1o mosuimio "' —"cnBuraercs.

If Kk < M, To paccmarpuBaeM JiBe Tapbl (pyHKITHIT

PiA),  Pi), Pr(A), Pra(d)

!

= nBa "—"cauratorca BreBo ¢ (j+ 1)-ift ma j-io, ¢ (k+ 1)-it ma k-1o.

v




Brrancienue nocienosarenbuoctu HlTypma

(dy by 0 )
by d
G =
. b
\ 0 bM dM)

PIAN) = 1bal @ (d; 89 1),
PN = bj1l @ (@80 A €0 bl @ P (),
PN =10 [0 A 6o bl @ P (1)),

[c] ~ "computation"

aeb npuaeb#0,
aSob = %max{lal, bl} mpuaeb=0,



Jlemma. Ilyers

E oo

2
6122ymax{§/€_, : —},

& )
L <ldf<1, L<pi<,

—-B3LAL3
= ner [IEPEITOJIHEHU:
4 3
€
eo<—14s‘90[.‘3] <Y <en
2y J &3

Sameuanne. If S yaosa. yci. nemMMbl
€1 €1
— <|dj| £1, —£|b]'|Sl,

= IS < M(S)<3=-3<A<L3



MopempoBanne 1orpentnocTei

a®b=ab(l+y)+¢.
10b=2(1+9), lpl<e,

a6gb=(1+aa-(1+a),

rae lal < e, lal<ée, [I+a)/A+a)-1]<eq/y.

[c] |Co
Pl = = y ~
di — A_ ( d C
P[C] . |C]+1| _ El 32
R P o S=1 7
A
|CM+1| \ O




E-T ob 0

T by dp _ ) '§: by dy .
C v o by
0 bm dM} L 0 bm dM/

di=d;  bj=sign(b;)/Ibc|

Du(A) = Dp(A)

(B1 M2 0 )
AS=5-5=| T P2~

L M

0 M Pm )

| €1 €0
1= ) | < —=+ = [|AS]| £ M(AS) <7
s erg—pen S g = IaSll S M(aS) < 76y




1)HopMmupoBaTh S:

1
0=k )—/Sn}ax{lpdil, pbill <1 = Sy=pS,  lISilI<3

4

2) “BosmyTuTh"™MaTpuiyy S; — So,

r e if |pdjl, |pbil <e1/y pdi, pbj — er/y

3)meTos OuceKIyit 11 Sy

Teopema. Iycrs B {PE.C](/\)} (j=1,...,M) p HENOJOKUTEILHBIX ==

AP(SZ) <A+7¢q, A—7€1 < AP"‘l(SZ)’



Kpurepnit ocTaHOBKHM UTepaliiii
/\n < [X_/X+]7 Xt -X =€
An— Al < 1Sz = Soll = e = ISy = Soll = € =3-7¢1 = 21¢g

A5y = (Xt = X7)/2 = Au(Sp) € [AL(S,) - 5,A1(Sy) + 8] 6 = 10.5¢4

n



[Tpumepni

Sy =

(d
b

L 0

SRS

RIS

b d |

b

PasHocTHBIE ypaBHEHNS

Dy(A) -

HaYa/IbHbIC 3HaYCHUN !

Dy(A) =

=d-
=

(d — A)Dy_1(A)

(d = ))Dj_1(A) - b*Dy_o(A) = 0

/1)2 b2,

~ b?Dy_»(A).



Pemenne ypapaenuit
aup,1 +bug +cup_1 =0
MeeT BI/T
uy = aq + pas,
a, f = const; g1 M gp — KOPHU XapaKT. yp-4

ag® +bg +c = 0.

B Hamem ciaydae XapakT. yp-e:
g> —(d-A)g+b* =0,

ero KOpHu

71,2 = b [(d — A)/2lbl i1 - (d - A)/2|b|>2]



Mmem A ~c3u. Sp = d-2b| < A<d+2|b| = |d-Al/2|b| £ 1

= (12 = |bl(cos ¢ + isin @), rye cosp = (d — A)/2[b] =
Dy = (a+ ﬁ)lblk coskp + i(a — ﬁ)lblk sin kg
V3 HavaabHBIX YCI0BU

Dy =d—- A =2|blcos, - a+p=1,
Dy = (d — A)? = b? = b*(4cos? p — 1), i(a — B) = cos @/ sin .

Iy = Iblk(cos ko + cos p sinkp/ sin @) = bk sin(k + 1)@/ sin @.
Ac3a Sy © Di(A) =0, re.p=nn/tk+1) (n=1,2,...,k)

Uz Dy =d-A=2blcosp = (d— A)/2|b| = cosnm/(k + 1).

Ay =d — 2|b| cos nn

T n=1,2,...,k



[Ipnd =0,b =1/2 Di(=A) —~ nommHoMbl HebrimeBa BTOPOTro pojia

n A (S10) An(S10) 5
1 | —0.959492973614496 | —0.959492973614497 | 10~ 1°
2 | —0.841253532831179 | —0.841253532831181 | 10~ 1°
3 | —0.654860733945285 | —0.654860733945285 | 10~16
4 | —0.415415013001885 | —0.415415013001886 | 10~ 1°
5 | —0.142314838273284 | —0.142314838273285 | 1016
6 | 0.142314838273284 | 0.142314838273285 | 10716
7 | 0.415415013001885 | 0.415415013001886 | 10~1°
8 | 0.654860733945286 | 0.654860733945284 | 10~1°
9 | 0.841253532831180 | 0.841253532831181 | 10~1¢
10 | 0.959492973614496 | 0.959492973614497 | 10~1°
€1 5.77316 - 10~




Ipumep: c¢.31. oneparopa Jlamnaca
D=[0<x,y<1] Au= Ay, uIFD = (. /InckpeTHas MOJeIb:

U=R:s=M-1)X(N=-1),  thyy= u(]\%%)
Uopn = Oj Um0 = O, UMn = O, UmN = 0 - I'p. yCI.

L:U—->U
Up—1n — 2Umpn + U1 N U n—1 — 2Umn + Uy 41
2 2
hy hy

Umn = Lump =

7

1 1
— —I h  —
fy M Y™ N



OpTOHOPMUPOBAHHBIN Da3UC

kD) _ o g kmm . Inn
u SIN —== SN —=~,

Lu®kD = [ —4M? sin

yled) c.(p. oneparopa L

C.3H. /\(k/l) = _4M2 SiIlz krt 4N2 San lﬁ]



[ycte M =N, A = hy = hy = 1/N = annpoxcumanus yp-s

Ump—1n — 2Umn + U1 p Uy n—1 — 2Umn + Uy 41
++
A2 A2
1<m<M-1,1<n<N-1.

= /lumln

Au = Au,
( By Cq \
C1 Bz C2

CN—3 Bn—2 Cn-2
Cn—2 Bn-1







n AM(A) Au(A) 5

1 | —372.5898981088739 | —372.5898981088741 | 10710
2 | —345.3969496365928 | —345.3969496365929 | 10716
3 | —345.3969496365928 | —345.3969496365929 | 10-1°
4 | —318.2040011643115 | —318.2040011643117 | 1071°
5 | —306.1020005821561 | —306.1020005821559 | 10~1°
6 | —306.1020005821561 | —306.1020005821559 | 1071°
7 | —278.9090521098751 | —278.9090521098746 | 10~1°
8 | —278.9090521098744 | —278.9090521098746 | 1071°
9 | —262.4878975267180 | —262.4878975267182 | 107 1°
10 | —262.4878975267180 | —262.4878975267182 | 10710
11 | —239.6141030554378 | —239.6141030554376 | 10716
12 | —235.2949490544369 | —235.2949490544370 | 10710
13 | —235.2949490544369 | —235.2949490544370 | 1071°
14 | —223.1929484722815 | —223.1929484722812 | 10~P
15 | —223.1929484722815 | —223.1929484722812 | 101
16 | —196.0000000000003 | —196.0000000000000 | 10~ T°
17 | —196.0000000000003 | —196.0000000000000 | 10~ 1°
18 | —196.0000000000003 | —196.0000000000000 | 10~ 1°
19 | —195.9999999999996 | —196.0000000000000 | 10~ 1°
20 | —195.9999999999996 | —196.0000000000000 | 10~
21 | —195.9999999999996 | —196.0000000000000 | 10~
22 | —168.8070515277184 | —168.8070515277188 | 1071
23 | —168.8070515277184 | —168.8070515277188 | 10~ 1°




24 | —156.7050509455630 | —156.7050509455629 | 10716
25 | —156.7050509455630 | —156.7050509455629 | 10~°
26 | —152.3858969445621 | —152.3858969445623 | 10~
27 | —129.5121024732819 | —129.5121024732817 | 107
28 | —129.5121024732819 | —129.5121024732817 | 1071
29 | —113.0909478901255 | —113.0909478901252 | 10~ P
30 | —113.0909478901255 | —113.0909478901252 | 10~ P
31 | —85.89799941784440 | —85.89799941784410 | 10~
32 | —85.89799941784374 | —85.89799941784410 | 107
33 | —73.79599883568837 | —73.79599883568822 | 10~1°
34 | —46.60305036340722 | —46.60305036340703 | 10~°
35 | —46.60305036340722 | —46.60305036340703 | 10~
36 | —19.41010189112606 | —19.41010189112585 | 10714

1.91265 10711




Ypasuenue Ipegunrepa

2u
AY + h_z(E - U(x,y,2))Y =0,

fi — nocrostanas Ilnanxka,
[ — Macca 4aCTHUIIHL,
U = U(x,y,z) ~ noreHnnajibHas SHEPIHd.

Ypasuenne lpeaunrepa /s rapMOHIIECKOTO OCIMLISITOPA

2 d*y pay
e +(E- =29 =0

fll,b(x)lz dx =1

Yej10Bre HOPMUPOBKI

2

0 cOOCTBEHHAS aCTOTA

w



AHaTHUecKoe pereHne

Obo3HaAUCHN

25 h
/\—%/ X0 =

= dz + (A — 52
déz

1 e_%éan(E)

VX0 Q/Z”n!\/EI

Mexonnbie niepeMeHHbIe:

e_%(%)z H, (ﬁ)

1 X0

VXo A2\

Pn(&) =

Yn(x) =

uwp’

5=x1, P() = P(xpE)
0

f|<p |2d5-
Ap=2n+1, n=0,12...

1
En:mm@+§) n=0,1,2...



Huckpernas Moenb

o u_q = 2y + ey
ag2 -~ A2 '

up = ek A),

Uj—1 = 2Uj + Ujy
A2

+ (A = (kAP =0

Hopmuposka=

_{uk, k| < N, N
Uk— ukNUk

0, |kl>N, "’

—20(-N) + U(~N+1)
A2 ’

(A = (NA)o-N) =0,

Ug—1 = 20k + Vg1

= +(A - (kAo =0, Ikl<N-1,

U(N—l) = ZZJN N

- (A = (NA))oy = 0.




[Tpu nocrarouno Goasiom N onmbka auckpernsaimm ~ A2

MaTpuuHBIl BIJ CUCTEMBI
Sv = Av

0, j>i+1,
Sij:Sji == —1/A2, j=i+1,
2/A2+ (j—=N+1)%A%, j=i,

3 2,2

A(S) = An(S)] < 10.561 M(S) ~ £1/A2

A=10"% e~108, 8, ~ 1078,
A=10"° e~ 107%, 55~ 10712
A=108 e~1,  6,~10716,



CHHI'YJISIDHBIE Y1CIA

i by 0 )
dy b3
D - d3 b4 ’ Z) — ( I(D)*
dng-1 by
\ 0 dNo )

MD) = —on, (D),  Anyr1(D) = 01(D),
(D) = —oN,-1(D), ANy+2(D) = 02(D),

ANg(D) = ~01(D),  Agn (D) = o (D)



[IPIT =S =

(0 5(1)1 %2
dq b,

dy

bN,

Uy

Un
(%)

MNO

UNO
\

5),
= AN@+1§S),
Glgg; = ANg+2
02

on (D) = Aoy ().
GNO(D



di=1b; =2

M 01 oM #(Dm) €y

6 | 2346191072 | 2.91846 | 1.2439210% | 7.2390610~ 13
12 | 3.6621110~% | 2.97841 | 8.1330410° | 4.6959010 11
18 | 5.72205107° | 2.99022 | 5.2257910° | 3.01693 10~
24 | 8.94070 10~° | 2.99445 | 3.3492310” | 1.9335610~
30 | 1.396991077 | 2.99643 | 2.1449310° | 1.2383210~°
36 | 2.1833610~ 1 | 2.99750 | 1.37324 10! | 7.9342710~%




KOCOCI/IMMGTPI/II{QCKHG MaTpPHUIbI

A" =-A
ajj = —a;; = 0
Yiporienue
(0 b 0 )
pap =g =| P2 ,O ;
* . Ly M

Bw = BPv = PAP*Pv = APv = Aw



Ilyctb A =a+1ib
Alx, x) = (Ax, x) = (Ax, x) = (x, A*x) = (x, —Ax) = (x, —Ax) = —A(x, x)
= ReA(A)=0

AMA) = +ilA|



CpezleHne K cUMMeTpHUecKuM MarputiaM: B(u + 1v) = iu(u + 1v)

by(up + 1vp) = iu(uq + ivq)

—bp(uq + 1v1) + ba(us + iv3) = ip(uy + ivy)

—bp(ug_1 + 10g_1) + bpp1(Ugy1 + 10py1) = 1uuy + 1vy)

—by(uy 1 + 10y,_1) = iuuy + ivy)

(0 by 0 )
b, 0
o by

(ul

)

(»01\

/

0 by
b, 0
0

0

. by
by O

)




Bv = uu, —Bu = B*u = uv

olo)=(w 0)(5)=e(2)

B=F



