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[pa Oprpa

w w
G=(W,E),EcV®, ‘U};Z(V,E),EQVZ,
y® ={ucr:|u|=2} V3=V xV={(uv):uyvel}

|V |=n - yncno BepLumnH B rpadoe (oprpade)
|E|=m - yncno pebep (ayr) B rpace
(oprpacpe)

gcbl'lMl/l By



CTPYKTYpbl AaHHbIX ANA npeacTtaBneHns rpada
(oprpaday)

1. MaTtpuua cMeXXHOCTH

2. CNnCKM CMEXHOCTHU

3. MaTtpuua MHUMOEHTHOCTH
4. Cnucku gyr

gcbl'lMl/l By



MaTpuua cmexxHoCcTU. CrMCKMU CMEXHOCTMU

1 2 3 4 1 2 3 4
1l — [234] 1] . 11234
110 1 1 1 11 1 1 1
AG=21 00 1 Lo=| . Fia 20 0 L
3100 01 . =10 0 0 1 3 — [4
a1 10 23 40 0 0 0 4
B(n?) B(n+m) ,
©(n?) O(n+m)

Ecnn matpuldy CMexHoCTM A_. BO3BECTM B
cteneH k, To Af[ww] - uucno nonapHo
pas3nnyHbIX (v, w)-MapLUpyTOB ONUHLI k.

ngI'IMI/I By



MaTpuua MHUMOEHTHOCTH
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gd)I'IMI/I By
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List(i)

ArclList
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[lonck B LULUPUHY
(aHrn. BFS - Breadth First Search)

gcbl'lMl/l By



[ToUCK B LULUPUHY

Obxopn Bcex BepLUMH rpadpa B nopsigke yaaneHHOCTM OT CTapTOBOW BEPLUMHBI.

predsessor[i] | O 1 |1 |1 (3 |8 9 |2 (4 |5 -1

gcbl'lMl/l By



3apaHue rpada cnuckamm
CMEXHOCTHU

def bfs(start):
q = queue()

visited[start] = True
g.enqueue(start)

while not qg.empty():
v = q.dequeue()

for u in g[v]:
if not visited[u]:
visited[u] = True
g.enqueue(u)

Bpems pabotbl O(n+m)

(W

3apaHue rpada maTpuuen
CMeXxHocCctTu

def bfs(start):

q = queue()

visited[start] = True
g.enqueue(start)

while not g.empty():
v = g.dequeue()

for u in range(n):
if a[v][u] and not visited[u]:

visited[u] = True
g.enqueue(u)

Bpemsa paboTtbl O(n?)

gcbl'lMl/l By



TepmMmuHonoru

A S y y y
¢/ KpaTyauwumin NyThb — 3a4aH B3BELLEHHbIV rpad (oprpad); Heo6XoaUMO HaUTW Takon NYTb MEXY

3a/1aHHOW Napow BepLUWH, Af1si KOTOPOro cyMma CTOMMOCTEN BXOAsLMX B Hero pebep (ayr)
MUHUManbHa;

v/ HauMeHbLUMMN NYTb — 3a4aH rpad (oprpad); Heob6XxoaMMO HANTU NYyTb MexXAy 3a4aHHOW Napou
BEPLUMH, ANNHA KOTOPOro Mo Konm4yecTBy pebep (ayr) MMHMManbHa;

KpaTyanwunm nyTb Mexagy BepimHamm 1 n 5 (CToMmMocTb
8);

HaUMEHbLLWN nyTb Mexay BepwmnHamMm 1 n 5 (AnnHa

2):
o O ©

gcbl'll\/ll/l By



BFS HaxoOAUT HaUMEHbLUUW nyTb MexXay CTapTOBOI7I BepLLII/IHOI7I NONCKa B LUNPUHY (star't) N BCEMMN,
OOCTMXXUMBIMU N3 HEE BEPLUNHAMMU;

Ecan xoTuM HaWTu pactoaHue B pebpax A0 BCEX BEPLUUH:
def bfs(start):
g = queue()
dist[start] = @ # <-- 3pecsb!

visited[start] = True
g.enqueue(start)

while not q.empty():

v = q.dequeue()

for u in g[v]:
if not visited[u]:
visited[u] = True

dist[u] = dist[v] + 1 # <-- u 3pecb!

g.enqueue(u)

rae dist -- MacCuB, XpaHﬂU_LVIlZ PacCToOAHUNA OT CTapTOBOl;I BEPLUUHBbI, U3HAYANbHO 3aNONHEeHHbIM -1, None WU INF .

ngI'IMI/I By



BFS HaxooMT HAUMEHbLWUN NYTb MEXAY CTapTOBOW BEPLLUMHOW NOUCKA B LUMPUHY (start) n Bcemun, AOCTKUMbIMUY U3

Heé€ BepLUnHaMu;

ecnn HeobxoaAMMO BOCCTAHOBUTb MNoOcneaoBaTenbHOCTb BEPLWMH HaumMeHblwero nytn, 10 AN 3TON0 HYXHO

cdopmmpoBaTb MaccuB pred:

def bfs(start):
q = queue()

pred[start] = None # <-- 3gecb!

visited[start] = True
q.enqueue(start)

while not q.empty():
v = g.dequeue()

for u in g[v]:
if not visited[u]:
visited[u] = True

pred[u] = v # <-- u 3pecb!

q.enqueue(u)

Tenepb MyTU MOXHO BOCCTAaHOBWUTb MO MacCUBY pred .

pred[i]

10 11

None

gCDI'IMI/I By



[TomeTKn BepLUNH oprpada B nopsigke nx obxoga anropntMom
BFS:

next_idx = ©

def bfs(start):
g = queue()

ord[start] = next_idx # <-- BoT
next_idx += 1 # <-- 3pecb!

visited[start] = True
g.enqueue(start)

while not g.empty():
v = q.dequeue()

for u in g[v]:
if not visited[u]:
visited[u] = True

ord[u] = next_idx # <-- u BoOT
next_idx += 1 # <-- 3pecb!

g.enqueue(u)



BFS MOXHO ncnosb3oBaTh And onpegeneHna AByAOSIbHOCTU

rpradgpa
CBOWCTBOM ABYAOSIbHOIO rpadpa ABnseTcd To, YTO eCriv [ABE BEPLUUHBI

rpadba CMeXHbI, TO OHW NpuUHagnexaT pasHbiM OOSISAM.

Teopema KeHura (1936 r.)
[Ona pgByoonbHOCTU rpadpa Heobxogumo u
OOCTaTOYHO, 4TOObI OH HEe cogep)kan LUKIoB
HEYETHOUN AOJINHbI.

OIMNMU BIy



[lna onpeaeneHnsa ABYAONbHOCTU OPUEHTUPOBAHHOro rpada HyXHo cHayana
nepenTy K ero OCHOBaHMIO (T.e. Ayru oprpadpa 3aMeHnTb pedbpamm).
Ecnn nonydeHHbIN nceBgorpad - OBYOONbHbLIM, TO U UCXOOHbIM oprpad -

OBYOONbHbIN.
(2 (e )—~(s>

Oprpad

G (1,

Oonosane (1) O

OIMNMU BIy



BFS MOXXHO UCMOSIb30BAaThb A1 onpeaeneHnd AByAOSIbHOCTU

rpada
[IpuCBOMB METKY CTAapTOBOM BEPIIMHE, MbI OIPEACIAM

METKM  BCEX CMEXKHBIX C HEHM  BEPIIMH  Kak
IIPOTUBOIIOJIOXHBIE, U TAK JAJIEE:
met[w]
met[v]
met[ u]=3-met[v]

[Ipu oOHapykeHUs THKIIA (BEpIIMHA W, KOTOpask CMEXKHA C
TEeKyIIe  BEPIIMHOM V, yXe Oblla IIOCEIICHA) MBI
CpaBHMM METKU BepIIMH V M W. Ecim okaxkercs, 4To
BEPIIMHBI V W W  IIPUHAICKAT  OJHOU  JI0JIE
(met[w]=met[V]), To rpad He ABNAETCA ABYIOIHHEIM.

OTMETHUM, YTO, €CJIU KOMIIOHEHT CBSI3HOCTH HECKOJBKO,
TO JJIsl ABYJOJIBLHOCTH rpada TpeOyeTcs, 4ToObl Kaxkaas
Ka)k/1asi KOMIIOHEHTA CBSI3HOCTU ObLJIa JIBY0JbHOM.

[pad asngaetcs
OBYOONbHbIM.

gcbl'll\/ll/l By



OnpenennTtb, ABNSAETCA N NPMBEAEHHbLIN HAa PUCYHKE oprpadd ABYAONbHbIM,
ncnonb3ys BFS.

De:02:0 (D
(3 )—(s) (10)

° o a OpneHTUPOBAHHLIN rpadp He

SBNSETCS OBYAONbHLIM Tak KaK ero
2 OCHOBaHUe He aBnsgeTcs

a ° G @ OBYOONbHBLIM rpadom.
(10

gcbl'lMl/l By



BFS MOXXHO UCnofb3oBaThb A5A onpeaeneHna CBA3HOCTU

rpadcpa

[pad HasbiBaeTca CBA3HbIM, €cnu nobble OBe ero
HecoBnagawLine BepLUHbI COegMHEHbl MapLLPYTOM.

Bcakmn  makcumanbHbIK MO BKITHOYEHUIO
CBA3HbIM noarpad rpadpa G (T.e. He
cogepXxawmmca B CBA3HOM noarpadpe c
OONbLIMM YUCIIOM 3MEMEHTOB) Ha3blBaeTCs
CBA3HOM KOMMNOHEHTOM rpada G.

for v in range(n):
if not visited[v]:
bfs(v)

G W

Y rpadpa, n3o0b6paxxEHHOro Ha pPUCYHKe, ABe
CBSA3HbIE KOMMOHEHTHI.

‘%ibﬂhﬂMISFy



BFS MOXHO 1ncnofb3oBaTh A4 peLeHnsa cnegyrowmx
3aau
1) Tllowncka mapLupyta Mexay 3agaHHOW Napon BEPLUNH.

2) [lowncka HanmMmeHbLUErO (MO KoNMYecTBYy pE€bep/ayr) mapwpyTa Mexay 3agaHHOW Napou
BEPLLUH.

3) OnpeneneHns oByoonbHoOCTU rpada (oprpada).

4) BbloeneHuna cBA3HbIX KOMMOHEHT rpada.

B nporpammHoin peannsaumm noncka B LUMPUHY UCNONb3yeTcs CTPyKTypa gaHHbIXx OHYEPE[Db
(queue).

Bpemsi paboTtbl O(n+m), ecnu rpad 3agaH cnuckamm
CMEXHOCTM!.

Bpems pa6otbl O(n?), ecnu rpad 3agaH maTpuuen
CMEXHOCTMW.

gcbl'lMl/l By



rpada.

CBsA3HbIN rpad, obna
rpacdom.

JnneposB LUK B rpadce
[1ns1 cBA3HOro rpada annepoB UMK — 3TO LINKIT, KOTOPbIW COOEPXKUT BCE pebpa

VHINKITOM, HAa3bIBAETCHA Qﬁ.ﬂepOBblM

(1707-1783)
LLUBEWULIAPCKNI
HeMeLKNmn
POCCUNCKUN MaTeEMATUK

Heobxoanmoe un
AocTtaTtoyHoe ycrnosue, Jl.

Aunep, 1736
HeTpuBranbHbIN
CBA3HbIW rpad CoaepXuT
9UNepoB UWKN Torga w
TONbKO  TOrga, Korga
CTENEeHN BCEX ero BepLLUUNH
YETHBbI.

CTeneHb BEPLUMHbI paBHa YMCITy
NHUMOEHTHbIX eN pEBep.

gCDHMI/I bry



rpac -
TpuBMarbHbIN

rpad oomKeH
ObITb CBA3HbLIM

rpa He aBnsieTcs
9MNepoBLIM T.K. €CTb
BEPLUMHbLI HEYETHOM
CTeneHu

annepos
rpacp

gCDFIMI/I bry



[pad annepos, ecnu Mbl MOXXEM ero HapucoBaTb, He OTPbIBAs PyKy
oT Bymaru: ctapTyem u3 nodon BepLUNHbI, NPOPUCOBbLIBAEM KaXa0e
pebpo POBHO OAMH pa3s n obsi3aTenbHO BO3BpaLlaeMcsl B
CTapTOBYIO BEPLLUNHY.

gCDFIMI/I bry



AnNroputm nocTpoeHus annepoBa Lmkna B

rpade
1. ADCTpaKTHble TUMbl JaHHLIX ovyepenb (queue) U cTeK (stack) —nycTble.

2. BbibpaTb npon3BonbHYO BEPLUMHY rpada n 4obaBnTb €€ B CTEK.

3. [loka cTek He nycT, BbINOMHATL cnegyrowme 0enNcTBuS:
NyCTb v — BEPLUMHA, KOTOpas nocnegHas dOblfia 3aHeCeHa B CTeK :
a) ecnu cyuecTByeT pebpo (v,w), To fobaBnsemM BEPLUNHY W B CTEK U
yaansem pebpo (v,w) usrpada;
b) ecnun He cylwecTByeT pebpa, UHUMOEHTHOIO BEPLUMHE Vv, TO yAansiem
BEPLUMHY V U3 cTeKa n JobaBnsem e€ B ovepeb.

4. NocnenoBaTenbHOCTb BEPLUMH o4vepeaun 3agaeT nopsigok obxoaa BEPLUMH B
anNepoBOM LIKKIIE.

gcbl'lMl/l Bry



Anroputm nocTpoeHus auneposa Luukna rpada

1. CTpyKTypbl JaHHbIX odepeab (queue) u cTek (stack) —nycTole.

2. BbibpaTb Npon3BosibHYO BEPLUMHY rpada u o6aBUTbL €€ B CTEK.

3. [loka ctek He MycT, BbINOSMHATL criegylowme gencTsusa (Nyctb v —
BepLUMHA, KOTopas nocrieHsas Oblna 3aHeceHa B CTeK :

a) ecnu cywecTtByeT pebpo (v,w), To gobaBnsemMm BEPLUNHY W B CTEK U
yoansiem pebpo (v,w) u3rpada;

b) ecnu He cyuwecTByeT pebpa, NHUMOEHTHOrO BEPLUMHE v, TO yaansem
BEPLUNHY V N3 cTeKa 1 fobaBrsiem e€ B ovepeab.

4. lNocnepoBaTenbHOCTb BEPLIMH o4yepeau 3ada€T nopsgok obxoga

BEPLUMH B SNSIEPOBOM LIMKIE.

1 2 3 45
1 01001|136
> 100011 6
300011156 5 Bpems paboTbl anroputma Ha MaTpuue
4+ 00101]16 4 CMeXHOCTM: Ofn?
5 111101246 3 (m) + O(n%)
1
/ 5
AN KaXOOW CTPOKU i yKakeM 2
HOMep ctonbua, HaunHas c 1
KOTOpOro B 3TOW CTpoke Oyaet CTe
OCYLLECTBNATLCA  OBUXEHME Npu K
MOWCKE BEPLUMH, CMEXHbIX C oyepen 15 435 21
BEPLUMHON i b

gcbl'lMl/l Bry



Bpemsa paboTbl anropntma Ha crnmckax O(m)
CMEXHOCTMU:

gcbl'lMl/l Bry



3agad

d 3agaH rpad (He obs3aTtenbHO CBSA3HbLIN).
HeobxoaMmMo NOKpPbLITL rpad® HauMEeHbLUMM YUCIIOM pebepHo-
HernepeceKalLWwmnxcs ueneu.
Llenn moryT ObITb OTKPbITBIMU UITN 3aMKHYTBIMMW.
Kaxxgoe pebpo rpadpa OomKHO BXOAUTb B OAHY N3 3TUX LIEMNEWN.

Ecnu rpad He cBA3HbLIN, TO peliaem 3agadvy onTuMarnbHO OANS KXKA0U KOMMNOHEHTbI
CBA3HOCTW.

gcbl'lMl/l By






1. Ecnn rpad cogepXut aMnepoB LUMKMN, TO 3adada pelleHa —
CTPOUM  SWNEpPOB UWUKN U MOKpbiBaemM rpad OO4HOM 3aMKHYTOW
LEenb 3n1ePOBbIM LMKITOM).

2. Ecnn rpad He cogepXuT annepoB UKMKI, 3HAYUT B HEM , €CTb
BEepPLMHbI HEYETHOU cTeneHu. [peanonoxmm, 4yto nx — k WTyK.
OTMETUM, YTO YMCno k — YETHO (NeMmMa O pyKonoxaTumsax).

3. BBegeM PMKTUBHYIO BEPLUMHY f, KOTOPYIO COEANHUM PEDpPamm co
BCEMM BepLUMHA HEYETHOWM cTeneHn. Tenepb CTeENeHN BCEX BEPLUMH

— YETHHI.
4. MNocTtponm B npeobpasoBaHHOM rpade annepos

ANnepoB LUKN : g
1-5-7-f-6-4-5-f-3-5-2-1 OIMNMU BIy



(NnpooomkeHune
b. Yoanum u3 annepoBa UMKNa BepWUHY f U MHUWOEHTHbIE el

pebpa.

JMKTMBHaA BEPLUMHA
BCTpeYaeTcs B uukne k/2 pas

Ecnn k —4ncno BepLunH HEYETHOM CTENEHN, TO SNUNEPOB
LMK pacnagetcs Ha k/2 pebepHO-HenepeceKarowmxcs

) uenem.
7

1
k=4 — YACNO BEPLLUNH HEYETHOM 1
cTeneHm yaaneHme 1 2
yAaneHue 1 2 3
yaaneHue
1 2 . k/2

k/2 yoaneHue

gCDI'IMI/I By



O60CcHOBaHME ONTUMA/IbHOCTH
MycTb k - 4ncno BepLInH HEYETHOM CTeNeHn U Mbl NoKpbIAK rpad k /2 uenamm.

Mpeanonoxunm, 4to rpad MOXKHO NOKPbITb MEHbLUWMM YNC/IOM LLenen, Hanpumep,

X 1
2

MoacunTaem Ans KaxKaom Lenu YNCcNo BepLmH HeYEeTHOM CTENEHU B HEN.
Llenun, KoTopbiMM NOKpbIBaem rpad, Mor/iv 6biTb OTKPbITbIMU NN 3aMKHYTbIMU.
Ecan uenb OTKPbITas, TO B HEN TONIbKO 2 KOHEYHbIE BEPLUNHBI UMEIOT HEYETHYIO CTEMEHb.

o AL

Ecnm uenb 3aMKHyTasn, TO B HEM BCe BEPLUMHbI UMEIOT YETHYIO CTEMEHD.

E A

TaKk Kak Kaxpoe pebpo rpada BXoaAUT TONbKO B OAHY M3 LLenen, TO CTeNeHb KaxaoM BepwmnHbl rpada
MOHO HalUTN, CYMMMUPYSA €€ CTeNneHb No BCex Lensm NOKPbITUA.

y Y H Y H
Y H y
H H Y H Y

Torpga B rpade Yncno BeplmH HEYETHOM CcTeneHn He bonblle, Yem

2k1—k2
S~ 1)=

MpoTuBoOpeYne, Tak KaK Y Hac YMCNO BEPLIMH HEYETHOM cTeneHn k nk > k — 2. g
OIMNMU BIy



(npogosxeHune

S/top oyepeab: 157f645f352

7 1v / \
. 3VIJ19pOBL|,VIKJ1:1—5—7—f1—6—4—5—f2—3—5—2
6 -1

4 yaaneHue KTMBHON BEPLUMHBI f,

? 6-4-5-f -3-5-2-1-5-7

3

3 yaaneHue (KTMBHON BEPLUWHBI f,

5 6—4-5

2 3-5-2-1-5-7

1

cTe

gCDHMI/I By



[Tonck B rmyOuHYy ( aHrn. DFS - Depth First
Search)



OauvH 13 cnocoboB obxoaa BepLUnH 1 p€bep (ayr) rpada

(BoumekimrnyouHy B
ogrga@e:

g:a"ae”a BCE BEPLUMHDI —» ApeBecHas ayra (v,w) BeaeT U3 «Cepon» BepLUMHbI B
nbie;
CTaHOBUTCS CepoU, Koraa nepBbIy «Qeqntiyr» .
—p oOOpdTHasa ayra (v,w) BegeT U3 «Cepon» BepLInNHbI B «Cepyro» (MpUBOOAT K

pa3s NpUXoa4nM B HEE;

o KOHWA .. -
CTaHOBUTCA YepHOW, kKorjaece | —» MPA yra (v,w) BepeT U3 «cepon» BepLUNHbI B «4YepHyrO» N

CMEXHble BEPLLUNHbI YXKe Obinu

MOCELLEHSI; —» ABHYSEEHEH ayra (v,w) BeAET M3 «cepoiin B «4EPHYION U
ord[v]>ord[w]




[Tonck B rnyouHy B

rpadcpe

12345678 9101112

1011100000100
2101000010000
3110110000000
4101000001000
5001000000100
6 000000010100
7000000001100
8010001000000
9000100100000
10100011100000
121000000000001
12000000000010

OpwueHTauus
pEdep Npu
obxone B
rpyouHy:

ApeBecHoe (BeOET B HENOCELLEHHYIO
BEPLLUVHY)

obpaTHoe (eLlé He OPMEeHTNPOBAHO U BEOET B
BEPLLUMHY,
KOTOpas paHee yxe bbina nocewieHa);

OPUEHTUPOBAHHbIE
, Kak obpaTHble,
pEbpa nNpuBoaAT K
LMKy

g@ﬂMMHV



| IPOIPaAMMHAA pealim3dalnA
DFS

O6x04 BCEX BEPLUNH, NPU KOTOPOM B CTeKe NeXUT NyTb OT CTApPTOBOW BEPLUMHbI K TEKYLLEe BepLUNHE.
MycTb visited -- MacCMB METOK MOCELeHMs BEPLUMNH, U3HAYabHO 3aMOHEHHBIA False .

PekypcuBHbIV DFS Ha cnucke cMexXHOCTu:

def dfs(v):
visited[v] = True
for u in g[v]:
if not visited[u]:
dfs(u)

Heo6xoanMO 3HaTb BEPLUMHY, C KOTOPOW Ha4yMHaTb 06X0A.

dfs(start)

BbixoauT, 4to BCe BEPLUMHbI, AN8 KOTOPbIX ME€TKa B visited pPaBHa True , AOCTUXUMbI U3 BEPLUUHbI start .

Bpemsa pabotbl: o(n + m)

gcbl'lMl/l By



DFS Ha maTtpuue cmexXHOCTH ByaeT HEMHOro OTAn4YaTbCs:

def dfs(v):
visited[v] = True

for u in range(n): # <-- BOT
if a[v][u] and not visited[u]: # <-- 3gecb!

dfs(u)

PekypcuBHbin DFS Ha cnucke cCMeXHOCTU:

def dfs(v):
visited[v] = True
for u in g[v]:
if not visited[u]:
dfs(u)

éggwuwv15ry



HepekypcuBHbI DFS Ha cnncke

CMEeXHOCTN

def dfs(start):
s = stack() def dfs(v):
s.push(start) .— Visit[s]=True
while not s.empty():

PekypcmBHbIn DFS Ha cnncke cmexXHocCTu:

visited[v] = True
for u in g[v]:
v = s.top() if not visited[u]:

dfs(u)
is_top = True

while last[v] < len(g[v]):
u = g[v][last[v]]
last[v] += 1
if not visited[u]:
s.push(u) =—— visit[u]=True
is_top = False
break
if is_top:
s.pop()

3necs last - maccus, B KOTOpPOM AnsA Kaxgom BEPLUNHDbI V XPaHNTCA MHOEKC TOW NO31LUUN CNUCKA CMEXHbIX C HEWN BEpPLUVH, B KOTOpOIZ Mbl
OCTaHOBWUITUCbL, KOrga ocyLecTBlIAIIN NOUCK BEPLLUNH CMEXHbLIX C V. I'IepBOHaqaano MaccuB 3anosHeH 0.

éf;nﬂwv15ry



[Topsigok obxoaa
BEPLUWH

next idx = ©

def dfs(v):
visited[v] = True

ord[v] = next _idx # <-- onAaTb
next idx += 1 # <-- 3pecb!

for u in g[v]:

if not visited[u]:
dfs(u)

Next_id[i] | 1 2 7 3 6 9 5 8 4 10

‘gibﬂhAMISFV



ROPHEBOE OepeBO NONCKa B
rmyouHy

def dfs(v):
visited[v] = True
for u in g[v]:
if not visited[u]:

8 — pred

pred[u] = v # <-- 3aecb!

dfs(u)

for v in range(n):
if not visited[v]:
BmecTo None MOXXHO KMcnonb3oBaTb -1 nnu vV, eCJ/in Mbl
TOYHO 3HaAEM, YTO HeT NeTerb. pred[v] = None # <-- u 3mecs!

3Haa wMeTku pred, MOXHO BOCCTaAHOBUTL NyTU U3 dfs ()
CTapTOBOW BEPLUMHbI BO BCE OCTarlbHbl€ BEPLUWHBI.

pred[i]

Nore 1 1 |2 1 3 8 9 2 4 5 None
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KOMMOHEHTbI CBA3HOCTU rpada

pad Ha3biBaeTCs CBA3HbLIM, ECrn NoOble ABe ero HecoBnagaroLLne BepLUHbI COeAUHEHbI
MapLLUPYTOM.

2
components = 0 l
for v in range(n): ‘
if not visited[v]:
dfs(v)
components += 1 # <-- 3gecsb! \ } \ }
0 1
def dfs(v):

visited[v] = True

Component [v]

component[v] = components # <-- 3xechb! O [0 [O|O0 |1 |2]|1

for u in g[v]:
if not visited[u]:
dfs(u)
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OnpepeneHne AByAOSNIbHOCTHU

CeoucTtBOM ABYAO/IbHOIo rpad)a ﬂBﬂﬂeTEpa¢aﬂ AB€ BEPLWWMHDBI CME>XXHDbI, TO OHU NpuHagsneXart pa3HbiM 4O0J1AM. Taknm
o6pa30M, npnceBovB METKY CTapTOBOﬁ BEPLUVMHE, Mbl OonpeaejimM METKUN BCEX €€ CMEXKHDBIX BEPLUMH KaK NMPOTUBOMOJIOXKHDbIE, N TakK
Aanee. B caydae o6Hapy>|<eva UnkKna mMmbl CpaBHUM METKU BEPLUUH, N €Ci OHU TNpUuHaane>Xxart OAHOI‘Z Aosie, TO rpaq), o4yeBVaHO,
HE ABYAOJ/IEH. Ecnm KOMMOHEHT CBA3HOCTYU HEeCKOJIbKO, TO Ka>X4daAa N3 HMNX 40JI>KHa 6bITb ABYAONbHbIM FpaCbOM.

3aBegemM MaccumB part , KOTOprm 6y,a.e‘r XPaHUTb METKU BEPLUUNH, COOTBETCBYROLLME AO0ON1AM, KOTOPbIM BEPLUWHDbI MpUHagneXar.
FlepelvleHHaﬂ is_bipartite roBOpUT O TOM, ABAAETCA U rpad) ABYAO/IbHbIM.

is_bipartite = True

def dfs(v):
visited[v] = True

for u in g[v]: False

if visited[u] and part[v] == part[u]: # <-- BOT
is_bipartite = False # <-- 3pecob!

True

True

if not visited[u]:

part[u] = not part[v] # <-- u BoT 3pechb!

dfs(u)

for v in range(n):
if not visited[v]:

part[v] = True # <-- u ewe 3pecb!

is_bipartite=False
dfs(v)
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Tononornyeckasa copTupoBKa
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Tonnonoau4yeckou copmuposKou
BepLUnH oprpadpa, KOTOpbIN HE COOEePXUT KOHTYPOB, Ha3blBAETCA Takad
nepeHymMmepauusa ero BepLnH, 4to y nobon ayrm (u,v) HOMEpP €€ Ha4vana
u MeHbLLe, YeM HOMep e€ KoHua v (nMbo HaobopoT).

o 4 s

[ns 3TOro MOXHO pPa3MecTUTb BEPLUMHbI oprpada Ha ogHOM NUHUM Tak, YToDbI BCe AYyrM UCXOOHOrO
oprpada LM B 04HY CTOPOHY, HanNnpuMep, cresa Hanpaso UKW cnpasBa Haneso.
3aTeM npMcBoUTb HOBbLIE HOMEpa BepLUMHaM, ABUrasicb BAOSb FIMHUK CreBa Hanpaeo.

oNoNOX020105020
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[na BbINOMHEHUSA TOMOMNOMMYEeCKOU COPTUPOBKU BEPLUMH aLUKIIMYecKoro oprpada
MO>XHO MCMNOJIb30BaTb, anropuTMbl

1) A. KaHa (1962)

2) P.TapbsiHa (1976)

PoGepT TapbsiH
ApTtyp KaH (Robert Endre Tarjan), poaunnca B 1948 .
(A. B. Kahn) aMepPUKaHCKNN YYEHbIN B 06NacTn BbIMUCNUTENBHbIX

CNCTem
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Anroputm KaHa

. TMoka B rpade G cyuwecTBYHOT BepLUMHbl 0e3 BXogAwWwMX Ayr, BbINONHATL cneaylowmne
NEencTBUA:

1) HauTn nbylo BeplunHy v 6e3 BxoasLwwmnx Ayr U NpUCBOUTbL €N HOBbLIN HOMEpP (Hymepauums
Ha4YMHaEeTCcs C eAUHULbI);

2) yoanuTb n3 oprpada G BepLUMHY v BMECTE C BbIXOASLWMMU N3 HEE AyramMu U NOBTOPUTL

II. [MpowdPrviiMscem nu BepLuMHaM ObINM NpUCBOEHbI HOMepa. Ecnu He BCce BEPLUNHbLI NONYy4nnm

HOBble HOMepa, TO B oprpade CyLeCTBYET KOHTYP M TOMONOrn4yeckasi COpTUPOBKA HE MOXET ObITb
BbIMOMHEHa.

S 3, |cananses

G
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[TpoBEPUTL, BCEM NN BEPLUMHAM Dbl NPUCBOEHBLI HOMEPA:
MO>XHO BBECTU CHETUYMK YMCa BEPLUMH, KOTOPbIE BbINn NepeHECEHbI HA NUHUIO:
v/ eCcnn HeT BepwuH 6e3 BXogdawuMx Oyr U CYETYMK = |V|, TO TOnornornyeckas
COPTMPOBKa BbINOJIHEHA YCMNELLHO;
v/ ecnm cdeTunk < |V|, To B oprpade CyuwecTByeT KOHTYp W Tonosiorndeckas
COPTUPOBKA HE MOXET ObITb BbIMOSTHEHA.

0 a 1 2
- oJo
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NMpumep

12345678
100000001 G ° a @
200000001
300010000
400000000 e
500000000
600001000 a a e
700000000
800110000
00121002

Bpemsa peanunsauum anroputma Tononorn4yeckom coptmpoBku KaHa
v Npuv 3agaHumn oprpada MaTpuLelnt CMeXHOCTH - O(n?);
v/ 1Npu 3agaHum oprpadoa cnuckamm CMeXHOCTU - O(n +m).
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Tononoruueckas coptuposka  AJIFOPUTM
TapbsHa

PaccmoTpum npobnemy Tononornyeckom COpTUPOBKN BEPLUNH OPUEHTUPOBaHHOrO rpada. byaem roBopuTb, UTo BepLIMHaA v
3aBUCUT OT BEPLUMHbI u , €CAun ecTb ayra (v, u) . [lopAaaok BEpLKMH NOCae TakoW COPTUPOBKU rapaHTUPYET, UTO BCE 3aBUCUMbIE
BepLMHbI ByayT MMeTb BoNbLIMIA MHAEKC, YEM BEPLUMHBI, OT KOTOPbIX OHW 3aBUCAT. YT0 Xe aenaet DFS? OH obxoaunTt Bce
AOCTUXXVMbIE BEPLUMHbI U3 PUKCUPOBAHHOW BEPLUMHbI v MNepej TeM, Kak BbINTU U3 dfs(v) . OTO 3HAUUT, YTO BEPLUNHbBI, OT
KOTOPbIX 3aBUCUT v , ByayT y>xe obpaboTaHbl K MOMEHTY Bbixoga 13 dfs(v) , 1 MOPAAOK Bbixoaa U3 yHKUMKM dfs onpeaenset
NopAAOK TOMOJIOTMYECKOW COPTUPOBKM.

3aBeAeM CNMUCOK topsorted , B KOTOprm 6yAEM 3aHOCUTb BEPLWUHDBI B NOpAAKeE TOMOJIOrNYECKOW COPTUPOBKW.

topsorted = []

def dfs(v):
visited[v] = True
for u in g[v]:
if not visited[u]:
dfs(u)

topsorted.append(v) # <-- 3pechb

OpaHako NopsAAOK TOMONOrMUECKOW COPTUPOBKN HeonpeaeneH, eCiv B oprpade ecTb OpueHTUpoBaHHble Lnkabl. [oaTomy
Heobxoarmo fobaBuUTb NpoBepKy Ha KX Hanuuve. [Ina 3Toro 3aBejeM MacCUB in_stack , U3HaYaNbHO 3aMONHEHHbIV False
KOTOpPbIA ByaeT XpaHUTb True , €C/Y BEPLUMHA HAXOAUTCA B CTEKeE.
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Anroputm
TapbsHa

J o
QR0 O QO O

topsorted: 438 12567
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topsorted = []

def dfs(v):
visited[v] = True

in_stack[v] = True # <-- 3pecb!
for u in g[v]:

if in_stack[u]: # <-- u ewe
panic! # <-- 3pecsb!

if not visited[u]:
dfs(u)

topsorted.append(v)

in _stack[v] = False # <-- u BoT 3pecb!

06pa60TKa NCKNFOUYNTENBHOW CNTYyauunun MOXKET pa3inyatbCA B 3aBUCUMMOCTU OT peannsauunn.

Cnwucok topsorted MOXHO MEPEBEPHYTD, yTOObI Aayrun Oblaun OPUEHTUPOBAHDbI C/1IEBa HAMNpaeo.
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BblaeneHmne cunbHO-CBA3HbIX KOMMOHEHT

Oprpad HasblBaeTcs CMNLHOCBA3HLIM, €O P&SIR@ero nBe BepLUNHBI AOCTKMBI OpYr 13
Opyra (cumTaeTcs, 4YTo BepLUnHa AOCTUXMMa cama U3 cebs).

CUnNbHOCBA3HOM KOMMNMOHEHTOM oprpacha HasbiBaeTcda nobon ero MmakcmmarbHbIN Mo
BKIHOYEHWNIO CUNBbHOCBA3HbIW noarpad.

Oprpad He aBngeTca CUNbHO

CBSI3HbIM.
Oprpad coaepXxnT 4 CUNbHOCBSA3HbIE

KOMIMOHEHTDI.

KoHaeHcauua rpada:
BCE CUNTbHOCBA3HbIE KOMMOHEHTbI CBEPHYTbI B OOHY
BEPLUNHY.
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Anropntm Kocapawuto - Llapupa
BblAENEHUA CUNBbHO-CBA3HbIX KOMNOHEHT oprpadda (ocHoBaHHbIN Ha

1978 rog Cambpacusa Pao Kocapaﬁro/l(ocapap,mﬁliglaraju)— aMepUKaHCKNN YYEHbIN
NHOWUNCKOro NPonCXoXaeHus, npodeccop MHOPMaTUKK;

1979 rog Muxa LLapwup (Micha Sharir) , poguncs B 1950 r., U3pawunb, npodeccop, cneymannct no
BbIYUCIIUTESNTbHON N KOMDOMHATOPHOM reoMeTpuu;

Micha Sharir

C. Pao
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O1an 1. Anropntm Kocapawuto -

DFS. BeplunHam npuceamBaeTca OBe Lapupa

METKN (Hymepauust y obenx MeTok — 13,20

obwasn):

y/ nepBas MeTKa MpucBanBaeTcs,
Korga nepBbin pas 3axogum B
BEPLUMHY (BEpLUMHA CTaHOBUTCH
cepon);

y/ BTOpas MeTKa MnpuceBamBaeTcs,
Korga rnouck B rnybuHy 13 9Tou
BEPLUUHbI 3aBepLUEH
(ocyuwlecTtBngeTrcd BO3BpaT U3

OBSRUVMHBEI U  OHaA CTaHOBUTCH e e
v YGBNRMMTL kaxaylo ayry oprpada
Ha NPOTUBOMOSIOXHO

(G D@ O
I/ BbINMOJIHUTDb DFS, HauYNHa4d C ° e

BEpWWHbI C camon  BonbLion
BTOpOU METKOM: BEPLUMHDbI,
KOTopble  npu  3TOM  OyayT
noceuwleHbl, NpuHagnexaTr OLHOM
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O6ocHoBaHue KoppeKTHOoCcTH anroputma Kocapanto-LLlapupa

PaccmoTpum KoHAeHcaumrw rpada G, 10 ecTb rpad, B KOTOPOM BCE CWUNBbHO CBSA3HbIE
KOMIMOHEHTbI CBEPHYTbLI B OAHY BeplunHy. O4yeBMOHO, YTO 3TOT rpad auukIiiMyeH, a 3Ha4uT, ero
MOXHO OTCOPTUPOBATD.

Ecnun 3anmwem BepwuHbl B nopsaake Bbixoda n3 doyHkumm dfs, To camas nocnegHsasa BepLunHa B
9TOM CnucKe byaeT npuHagnexarb "KOPHK" KOHOEHCUMPOBAHHOIO rpada.

Bocnonb3ayemcsa aktom, 4YTo ecrnm TpaHCMNOHUPOBaTb CUIIbHO CBA3HYK KOMMOHEHTY, TO Mbl BCe
PaBHO MOSTy4YUM CUSIbHO CBA3HYIO KOMMOHEHTY. Takmm obpasom, ecrim TpaHCnoHMpoBaTh rpad u
danyctmte DFS 13 nocnegHen BepLUMHbLI, TO Mbl MOCETUM TOSIbKO BEPLUWHbI BHYTPU OOHOM
CUNbHOCBA3HOM KOMMOHEHTbl. COOTBETCTBEHHO, CreayrWen HEMOCELLEHHON BepLlunHOM byaer
"KopeHb" KOHOEHCUPOBAHHOIO rpadpa 6e3 yke NoceweHHOW KOMMOHEHTHI, U Tak Aanee.

Takmum obpasom, 3agadva peluaetcs asymsi ooxogamu DFS.
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[TporpammHag peanunsauna anropmtma Kocapawuto - Llapupa

[MyCTb rg -- TPAHCMOHNPOBAHHbLIN oprpad g, TO eCTb
oprpad, B KOTOPOM BCe Ayrv pa3BepHyTbl B 00paTHYo

CTOPOHY.

ordered = []
components = ©

def

def

def

dfsi(v):
visited[v] = True
for u in glv]:
if not visited[u]:

dfsl1(u)
ordered.append(v) # <-- =3pecb!
dfs2(v):
visited[v] = True
component[v] = components # <--
for u in rg[v]: # <--

if not visited[u]:

dfs2(u)

strongly connected components():

for v in range(n):
if not visited[v]:
dfsi(v)

for v in range(n):
visited[v] = False

for v in reversed(ordered):
if not wvisited[v]:
dfs2(v)
components += 1

Bpemsa paboTtbl anroputma Kocapanto-
Lapwupa:

O(n+m), ecnu oprpad 3agaH cnnckamu
CMEXHOCTHU

O(n?), ecnu oprpad 3agaH maTpuLen
CMEXHOCTMW.
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DFS MOXXHO MCMoNb30BaTh A1 PELLEHUs CneayoLwmnx

3aiau
1) [louck mapLupyTa Mmexay 3agaHHOW Napon BEPLLKH.

2) OnpeneneHne aByaonbHocTU rpada (oprpada).
3) BblaeneHus cBA3HLIX KOMMOHEHT rpadoa.

4) BbloeneHune cunbHO-CBA3HbIX KOMMOHEHT OPUEHTUPOBAHHOIO rpada (anroputm Kocapanto-
LLlapupa).

5) Tononorn4yeckasi COpTUpOBKa BEPLUNH BECKOHTYPHOrO OPUEHTMPOBAHHOIO rpada (anroputm
TapbsiHa).

6) HaxoxaoeHne dyHOaMeHTanbHOro MHOXeCTBa LMKNOB rpada.
7) HaxoxoeHue KOHTYpOB B oprpade.

8) [lounck To4ek coYneHeHnsa N MOCTOB.

n ap.
Bpems pabotbl O(n+m), ecnu rpac 3agaH cnnckamu

BUERHYEETHI O(n?), ecnv rpad 3apaH maTpuuen
CMEXXHOCTM.
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Oobwmne 3aga4vun B iRunner ons
3aKpenreHnst HaBbIKOB

0.4 MaTtpuLia CMEXHOCTHU

0.5. KaHoHun4yeckumn Bua (no Crnmcky ayr)

0.6. CrIMCOK CMEXHOCTU

0.7 KaHoHuMYeckui Bua (Mo MaTpuLle CMEXHOCTH)
0.8 BFS (NoucK B LUWPUHY)

0.9 DFES (nowuck B rnyouHy)




BEAOPYCCKIWNI
[ OCYAAPCTBEHHbIN

YHUBEPCUTET

Cnacunbo 3a BHUMaHue
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