OKCTPEMAIJIbHbIE
SAO0AYN HA TPADAX



1. 3apayva o KpaTtyavwieM Nyt Mexay
ABYMSA BeEpLUMHAMU OPUEHTUPOBAHHOIO
rpacda n ee aIKOHOMM4yeckas
MHTepnpeTauus.



[locTaHOBKa 3apgauu

* 3a4aH KOoHeuyHbIn opueHTuposaHHbiit rpad G (V, E). Kaxaon ayre
rpada “e” nocrasneHo B cooTBeTcTBME HekoTopoe umcno [(e) = 0,

Ha3blBaemoe ganHon ayrmn “e”. JnnHoM Nyt L Ha3biBaeTCA CYMMA
NJIUH Ayr, COCTaBAAMOLWMX AaHHbIW NYTb.

(1) = ) 1(e).

Lee

TpebyeTtca ana ABYX PUKCUPOBAHHbIX BEPLUH Vo U Un rpada
G (V, E) HaliTu camblii KOPOTKUI COEAMHAIOLLAN UX NYTb.



JKOHOMMYECKoe coaepKaHue

3agauu
* 3ajaHa ceTb A0por, COeaUHALWUX MYHKTbl  U;

(i=0,1,...,n). Hantn nytb, COEANHAIOWMN NYHKTbI Vo
M U,, NO KOTOPOMY MOXHO OOCTaBUTb rpy3 B KpaTyauuwee
BpemaA. lNpn 3TOM BpemA AO0CTaBKU rpysa U3 MyHKTa V; B

v; (i,j €0,...,n) 3apaHo n pasHo l(e;;) = I(v;,v}) = 0.
Ecnv nog anvdon ayrm [(v;, v;) NOHMMaTb CTOMMOCTb
NepeBo3KM rpy3a U3 NyHKTa U; B Uj, TO COAEpKaHMe 3a43a4u

COCTAaBUT HaxoXAaeHwme TaKoro nytm m3 NnyHKTa V; B Vj, Ha

KOTOPOM 3aTPaTbl HA TPAHCNOPTUPOBKY OblIN Dbl
MWUHUMaAIbHBIMMU.



Anroputm ®oppa

* AAropuUTm pelleHuna 3Tou 3a4a41 NO3BONAET ONpeaenunTb
KpaT4anwum NyTb U ero AJMHY 33 KOHEYHOe YUCAO LIAros.
Ka)kpaa seplimHa rpada noayyaet HEKOTOPYHD YMUCNOBYHO METKY
Ha NepBOM Lare. 3aTeM METKU MOTYyT MEHATbCA, CTaHOBACb Ha
HEKOTOPOM Llare NOCTOAHHbIM YMC/NIOM. YCTAHOBMBLLAACA METKaA
NAaHHOW BepLUMHbI eCTb KpaTyaullee PacCcToAHUE OT 3TOU
BEPWMHbI OO0 BEPLUUHbI Vy. ECanM NyTH, COeAUHAIOLWLErO Uy U Uy,
He CcyLlecTBYeT, byaem cY4UTaTb ANUHY KpaTyanULero nytu mexay
3TUMU BEPLUMHAMMU PABHON + 0.



LLiarn anroputma

1) Ha nepBom wWware cTaBum cneayrowme MeTKu:

ANnA BepwuHbl vy Ao =0, ana noboun apyromn BepwnHbI Vj:

/Ali: + 00 (l = 1, ...,7?,).



Anroputm ®opaa

*2) Nwem Ha rpade TaKkywo Ayry (vi,vj), 01 KOTOpOWU
/1] — Ai > l(vi,vj).

[Mpnyem pa3HOCTb 00 — o cyutaem paBHou 0. Ecnm Takaa Aayra
HalaeTcA, MeHaemM MeTKy BeplumnHbl Vj Ha A ;= A; + [(V;, Vj). Ecam
TaKOW AyrM He HanaeTca, TO NyTW, coeanHAtowero vy C V,, He
CyLlecTBYerT.

3) MoBTOpPsiem npoueaypy NYHKTa 2 A0 TEX NOP, MOKA METKU BEPLUMH HE
nepecTaHyT MeHATbCA.



Anroputm Popaa

*YcTaHoBMBLUMECA METKM 0603Hauum A*; (i = 1,2, ...,n). Mpwu
3TOM MOXeT ObITb ABa CAy4asn:

1) ¥, = +co.

ITO 3HAYMUT, YTO NYTU, COEAUNHAIOLLErO Vg U V,, HE CYLLeCTBYeT.
[1nnHa KpaTyanwero nyTu paBHa +oo,

2) A*,,— KOHe4YHoe Yncno. OHO paBHO KpaT4yaMLLEMY PACCTOAHMUIO
MeXay BepWUHAMU Vg U U,,.



Anroputm Poppaa

*KpatTyanwmm nyTb Nojsayyvyaem cneayrowmm obpasom. Nuem
BEPLUNHY U1 Takyto, uTo An — Apl = [(Vpq, V), 33Tem V),
ana kotopoit Ayy — Apg = [(Vp2,Vp1) MT.A. A0 Tex nop, noka
He NPUAEM B BEPWNHY Uy (k4+1) = Vo. MyTb, Npoxoaaunii yepes
OTMEYeHHble BEePWUHbl Vg, Vpk, Up(k—1)s > Up2, Vp1, Un,
ABNAETCA KpaTyanLmm.

Kak cnegyet 13 NOCTPOEHUA M MNPABUA U3IMEHEHUA METOK,
MeTKM BepWuHbl V; (I = 1,...,Mm) MOryT MEHATLCA KOHEYHOE YMNCNO

pa3 (MeTKa BeplmnHbl vy Ao = 0 He meHseTcA), T.K. KOHeYHas
MeTKa BCAKOW BEPLUMHbI paBHa AJIMHE HEKOTOPOro NyTU U3 VU, B
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Anroputm Poppaa

* 13 nocTtpoeHna cneayet, 4TO OTMEYEHHbIN NyTb

W(Vo, Vpis Vp(k—1)s =+ » Up2, Vp1, Un) — €CTb KpaTUaNLWIMIA NyTb.

3aMeTUM, YTO peLeHMe 3a4a4M MOXKET He OblTb 0AHO3HAYHbIM, T.€.
CYLLLEeCTBYET HECKO/IbKO NyTeEM MUHUMANbHOU ANUHbI U3 BEPLUUNHbI Vo
B Un.

PeweHne AaHHOM 3a4ayM MOXHO YCKOPWUTb, COKPaATUB YMUCAO
luaro., ecv Noib3osaTbea dopmynoii A; = min{4; + (v, vj)}.



Cetun. OTHOLWEHME NopsAaKa Mexay
BepLUIMHAMUN OPUEHTUPOBAHHOrO rpada.

* OpueHTnpoBaHHbIN rpad 6e3 UMKIOB, MMEKLLNA OOHY
BEPLUMHY 0e3 BxoaAaLwmnx ayr (Bxoa rpadpa, UCTOYHUK) 1 OOHY
BEPLUMHY 0e3 BbIXoOALMX Ayr (BbIXod rpada, CTok),
Ha3blBAETCA cembio.

OTbICKaHMe 3KCTpeManbHbIX NyTeW Ha rpadpax Takoro
B/Aa UCMOMNb3yeTCca B pPasnmMyHbIX 3KOHOMUYECKUX pacyeTax.
K nx 4mcny oTHOCATCA paccMOTPEeHHas Bbllle 3agada, a
TaKke 3agadn CeTeBOro niaHnpoBaHUA.



OTHOLWeHue nopsaaka

B ntobom opueHtnposaHHOM rpade 6e3 umnKknos
MOXHO YCTAQHOBUTb OMHOWeEHUe NopAoKa MexKay ero

BEPLUMHaMMN.

BepwwnHa v; npealiecTsyeT BeplwinMHe Vj, €CAn
CyLw,ecTByeT NyTb U3 V; B Vj. ITO OTHOLIEHNE NOPAAKA
yAOBNEeTBOPAEeT akcMomMmam nopAaKa:

1) echn v; npegwecTeyeT Vj, TO V; HE NpeaLlecTByeT v;;

2) ecnm v; NpeALIeCcTBYeT v, U;NPeALecTBYeT Vg, TO V;
npeaLlecTByeT Vy.



OTHOLIeHMe nopaaka

* “MpaBunbHan” Hymepaumna BepLlnH rpada 3aKJ04YaAETCA B TOM,
YTO NpW V; NpeALlecTsytoeMy U; HOMepa L U j AOIKHbI
YOOBNETBOPATb HepaBeHCTey [ < J.

Ha rpade-cetm npakTUYecKM 3TO MOXKHO CAenaTh,
MCNONb3ysA pacnpeaeneHne BeplIMH NO paHram MeToAoM
BblYePKMBAHMNA Ayr. Bbluepknsaem ayru, ncxoasiume U3 Bxoaa

rpada, BepWUHbI Vo. BEepwnHbl, COOTBETCTBYIOLLME KOHLAM 3TUX
AYr N HEe UMetoLmMe nocae 3Tom onepaunum BXoasaWwmx Ayr,
OTHOCUM K BepwunHam 1-ro paHra.



Ha rpade G BepwmHamm 1-ro paHra
ABNAIOTCA BEPLUIUHbI V1 U V2.

* BepwwuHbl 1-ro paHra nonyyatoT
nepsble nopAaKkosble Homepa 1,2.
BHYyTpM OogHOro paHra Hymepauua
NPOU3BO/1IbHaA.

* 3aTeM BblYepKMBaem Ayru,
BbIXxoAAwMne mn3 BepwunH 1-ro paHra.
BepLlmnHbl, COOTBETCTBYOLLME KOHLLAM

Vs TAKUX AYr U HEe UMmetroLme nocsie 3aTux
onepauunn Bxoaawmx ayr, OTHOCUM K
BepLWMHaAM 2-ro paHra. OHu
NONy4YatloT cneayrowme nopagKosble
HOMepa. B Hawem npumepe K
BEepPLUMHAM 2-ro paHra oTHOCUTCA

oZlHa BepLlunHa V3.




OTHOLLeHUe nopsaKa

* [lpouecc BblMEPKMBAHUA AYT NPOAOAXKAETCA A0 TEX MOP, NOKa BCE
BEPLUUHbLI rpada He byayT 3aHymepoBaHbl. [locheaHUIN NopAAKOBbLIN

HOMepP NOAYYUT BEPLUNHA U, — BbIXog, rpada.

B paccmoTpeHHOM Nnpumepe Bce BepLMHbI pacnpeaeneHsl no 4
paHram. K seplimHam 3-ro paHra NnpUHaaNeXuT vy, a K BepLnHam
4-ro paHra — vs,.

CyuwiecTtBytoT U apyrue cnocobbl “npaBuabHON” Hymepauuu
BEpPLUUH rpada, B TOM ymncne anroputm ®opaa ana Hymepauum
BEpLWUH rpada.



2. 3aga4va o NyTM MakCMMaribHOWU

ANMWHbI MeXAy ABYMA BEPLLUMNHaAMMU

OPUEeHTUPOBAHHOro rpada B CETEBOM
NnaHNPOBaHUMN.



O NYyTU MakKCUManbHOU OJINHbI

e 3apa4a CTaBUTCA cneayowmm obpa3om. 3a4aH KOHEYHbIU
OpPMEHTMPOBAHHbLIN rpad 6e3 koHTypa G(V, E). Kaxkagon ayre
rpada “e” ctaButca B cootsetcTeme gamHa ayru l(e). Tpebyetcs
onpeaenntb ANNHHEUWNN MYTb, COEAUHAIOWMN ABE BEPLLUMHDbI
rpada vy n v,,.

* AHaANOrnYHbIE 33434 MOXKHO CTaBUTb ANA OPUEHTUPOBAHHbIX
rpadoB C KOHTYPaMM, a TaKKe HEeOPUEHTUPOBAHHbLIX rpados.
Ho B 3Tom cnyyae BO usberkaHune beccoaeprKateibHOCTU
33[a4M1 HYXKHO BBOAUTb AOMNONAHUTE/NIbHbIE YCOBUS,
MCKAOYatoLwme Nyt 6eCcCKOHEeYHOW AJIUHDbI.



OnyTu MaKCUMarbHOU ONMUHbI

PelwleHne 3agadm COCTOUT KaK B OTbICKaHUU NyTu

MaKCMManbHOM ANIMHbI MeXOy ABYMS
bMKcnpoBaHHbIMX BepLuMHaMK rpadda, Tak U B
onpeneneHnm BenmMYnHbl 3TOro NyTu.

OOHY M3 OCHOBHbIX 3a4ay CETEBOro ninaHUpoBaHUA
COCTaBIAET OTbICKaHMe NyTen MakcMmanbHOW ANUHGI
MeXay BXoO4OM U BbIXOOOM rpadoa-ceTu.



AnropuTtm

*  Kaxpgaa sepwnHa rpadga nonyvyaer YMUC/IOBYHO METKY,
KOTOpPaA MOXeT MEeHATbCA KOHeYyHOoe 4YMCNo pas.
YCTaHOBMBLUAACA MEeTKa — Be/IMYMUHA OJIMHHENLWero nyty ms
BEPLMHbI Uy B AaHHYIO BEPLINHY Vj. B 4acTHOCTH,
YCTaHOBMBLUAACA METKA BEPLUMNHDI U,, €CTb BE/INYMNHA
ONVHHEeWLWero NyTn us vy B v,,.

YT0bObI Oonpenenmtb UCKOMbIM MYTb, HYXXHO pPacCMOTpPEeTb
nocnenoBaTeIbHOCTb LWAaros, Ha KaXKJA0M M3 KOTOPbIX ULLETCH
Oo4Ha U3 Ayr 4NNHHENLWEro NYTU MEXAY Vg B 1y,.



JTanbl anropuTmMma

1) Monaraem Ay =0; A; = —c0 (i = 1,...,n).

2) Nwem ayry (v;, v;) Taryto, uto A; — A; < l(v;, v;) . Ecnm Takon
OYIW HET, TO He CyLecTBYeT MyTW, COeAMHAIOLWEro Uy U v,. Ecnu
Takaa Ayra Hangetca, To usmeHaem metky A, Ha A’y = A; +1(v;, v)).

3) MpogonxKaem npoueaypy NyHKTa 2 A0 Tex nop, Noka MeTKMN BEPLUUH
V; HEe NepecTaHyT MeHATbCA.



JTanbl anropuTma

*YcTaHOB/IEHHbIE MeTKU 0603HauYmMm /L-* . [lpn saTOoMm moryT
BCTPETUTbCA ABa CNy4YaAa:

1) A, = —o0, 3TO COOTBETCTBYET TOMY, YTO MyTW,
COeANHAIOLWErO BEPLLNHBI Uy U 1, HE CYLLECTBYET;

2) 1,,” - KoHeYyHoe yncno. OHO PaBHO AJMHE NYTU MaKCMMa/IbHO
OIVHbBI U3 Uy U 1y,.

Cam NyTb HaxoAMM, OTMe4yasa BepLUMHbI, MO KOTOPbIM
NOCTUIAETCA MAaKCMMYM, T.€. Te BEPLUMHDI, AN KOTOPbIX

/1]* :/11'* +l(vi, U])



JTanbl anropnTtmMa

* Ecam mexay BeplinHamm rpada-ceTm YCTaHOBAEHO
OTHOLLEHME NopAaKa, T.e. OHU “NpaBuUAbHO” 3aHYMepPOBaHbI, TO
pelleHne 3a1a4M MOXKHO NOJIY4UTb 33 OAMH War, NnpomM3Beas
NoACYET METOK C y4YeToM caeayrowen ¢opmynbi:

A = max{/li + L(v;, v})}.



CeTeBoe nnaHupoBaHue. Ckopeuiliee
BpeMsf 3aBepLUeHUA NPOeKTa.

PaccMoTpuM MPOEKT — COBOKYMNHOCTL ornepauunn (pador),
COCTaBMNALWMNA HEKOTOPbLIM MHOroLlaroBbii NpoLEeCC.
[IpMepPOM MOXKET CIYXUTb CTPOUTENIbCTBO HEKOTOPOIO
obbekTa. CUMTaemM MU3BECTHbIMU BCe paboThbl, KOTOPbIE
NPEeaCTOUT COBEPLLUUTL, NX NOCea0BaTENbHOCTb N BPEMS],
HeobXxoanmMoe Arns BbIMOSIHEHUS KaXaon paboThl.

[IpoeKkT MOXeT ObITb N300paXkeH B BuAe rpada-ceTu.
3aJaanmMmcs Lenbto onpeanennTb Kpatyannim cpok
3aBepLLUEHMNS MPOeKTa.



[lycTb JaHHble O CTPOUTENBLCTBE NPUBEAEHbI B CIeAYIOLLEN

Tabnuue:
Kakue paboTthbl

Buabl pa6ot cnegytot 3a  [lpogomkutensHoCT

nepeyYncrieHHbIM b paboT
7
1 2,3 2
2 8 3
3 6, 7 4
4 6, 7 5
5 9 4
6 8 6
7 - 4
8 - 2
9 - 7



CeTeBOe nnaHupoBaHue

ITY MHPOPMaLMIO O NPOEKTEe NpeAcTaBuM B BUOE
rpadpa-cetn. lyramu rpada dygem nsobpaxaTtb
PaboThl, a BEPLUNHbI rpadpa — HEKOTOPbLIE CODLITUSA.

Ha3oBemM 3anemMeHTapHbIMU COObLITUS MU HAYaro U
KOHeL, Ka)xaon paboTbl, a HEKOTOPYHO COBOKYMHOCTb
afieMeHTapHbIX CODbLITUN — CODLITMEM.



CeTeBoOe nnaHupoBaHue

= Bxop rpada — cobbiTMe, 3aKNt04atloWeeca B Ha4yane BCEro NpoekKTa.
OHo ABnAeTca cobbiTMem, CTOAWMM B Hayane OAHOMW UNU
HEeCKO/IbKMX paboT, a UMEHHO Tex, KOTopble He cneaylT HU 33
KaKUMKU OpYyrmumu, T.e. paboT, C KOTOpPbIX MOXeT OblTb Ha4aTo
CTPOUTENbCTBO. B Hawem npumepe Taknmum pabotamm aBnAOTCA
Ne1,4,5 (nx HeT BO 2- cTonbuge).

 Bbixogom rpada byaet aBnATbCcA cobbiTME, 3aKntovarolleeca B
OKOHYaHMM paboT, 3a KOTOPbIMU HE CNeayOT HUKaKue apyrue
PaboTbl, T.€. B OKOHYaHUW BCero npoeKkTta. B aaHHoOm npumepe —
3TO0 paboTtbl N27,8,9.

 Bce gpyrue BepwunHbl rpada ecTb cobbiTUA, 3aK/atovatoLmecs
B OKOHYaHWM OAHUX N Ha4yane Aapyrux pabor.



CeTeBoOe nnaHnpoBaHue
CeTteBou rpad, COOTBETCTBYHOLUUN NPUBEAEHHLIM B Tabnuue

AdHHbIM, |/|3o6pa>|<eH Ha PUCYHKe.

Homep paboTbl 0603Ha4YeH YMCIIOM BHE KpYyXKKa.Yucro,
00BeEHHOE KPYXXKOM, €CTb NPOOAOMKUTENBLHOCTE AAaHHOW paboThl.




CeTeBoe nnaHupoBaHue. [Mpumep

¢ Bxop rpada, BepwmHa vy — Ha4yano NpoeKTa. Boixoa rpada,
BEPWMHA Vs — OKOHYaHME NPOEKTa.

* BepwwuHbl V4, U5y, V3, Uy €CTb COOBLITUA, 3aKNOHAIOLWMECA B HAYaANeE
OAHUX N OKOHYaHUK Apyrux pabot. Tak, Hanpumep, BepLUNHA V5
eCTb OKOHYaHue 3-u u 4-1 paboT 1 Ha4vyano 6-n n 7-n.

* [lyTb MaKCMMaNbHOM ONNHbI U3 BEPLUUHbI Uy B U; €CTb CKOpeuLlee
BpemMaA HacTtynaeHua cobbitna v; . B camom pgene, cobbitue v,
Hanpumep, COOTBETCTBYIOLLEee Havyany 6-n n 7-n pabot, moxKeT
NPOU30UTU TONIbKO NOC/Ie OKOHYAHUA 3-1 U 4-1 pabor, a
cneaoBaTeNbHO, U MOC/1e OKOHYaHUA 1-K, T.K. AN BbINONHEHUA 3-1
paboTbl He0bXoaAMMO OKOHYaHue 1-u paboTbl.



CeTeBoOe nnaHupoBaHue

* ChepoBaTeNibHO, CKOpeKLee BpemMa HACTYNAeHMA CObbITUA V3
ectb max{5,(2+4)} =6

CKopeulwee Bpema HaCcTynneHua cobbIiTUA Vg eCcTb CKopeuwee
BPEMA OKOHYAHMA NMPOEKTa B LE/IOM N PAaBHO AJIMHE NYTU
MaKCUMabHOW ANNHbI U3 BEPLUUHDI Uy B Vx.



CeTeBOe nnaHupoBaHue

* UTak, ecnm vy n v,, ecTb BXOA, U BbIXo4, rpada-ceTy,
COOTBETCTBYHOLWEro JaHHOMY NPOEKTY, TO ANA onpeaeneHuns
Hanbosiee paHHEro CPoka OKOHYaHMA BCex paboT HYXXHO HaUTK
NyTb MAKCMMANbHOW ANWHbI U3 Vy B U, T.€. KOUTUYECKUN MNYTb, U
onpeaennTb ero AanHy. Bpemsa, cooTBeTCTBYIOLLEE CKOpenLemy
OKOHYaHUIO PaboT, T.e. CKopeunlemy 3aBepLUEeHUI0 MPOEKTa,
Ha3bIBaeTCA KPUTUYECKMM BpemeHemM AaHHoro npoekta. OHOo
YMCNEHHO COBMAAAET C AJIMHOU KPUTUYECKOTO NYTU U3 Uy B 1y,.



CeTeBOe nnaHupoBaHue

* B npuBegeHHOM npumepe KPUTUYECKUU MNyTb, NPOXOAALLNN
yepes BepPWUHbl Uy, Uy, U3, Uy, Vs, UMEET O/INHY, PaBHYIO 14,

[(L) = 14, T.e. KpUTNYECKOE BPEMA AAHHOIO NPOEKTA paBHO 14.

PaboTbl, cocTaBnsoWmMe KPUTUHECKUN MYTb, HA3bIBAOTCA
KpUTnyeckumm pabotamum (onepaumamm). OT cBOEBPEMEHHOTO
BbIMO/THEHUA KPUTUYECKNX OMepaumnin 3aBUCUT CPOK 3aBeplueHusn

NPOEKTaA. OHM He AONYCKAKT 3dMas3abliBaHNA B UCMNO/IHEHNN B
oT/IndnNe OT HEKPUTUYHHDIX OI'IGpBLI,VIVI.



