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JIMHeHHbIE peodpa3zoBaHUA

OnpeneseHue
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3agaum



Onpenesienye JUHEHHOTO NMPe0OPaA30BAHUSA

(@upenesienue 1. [lycTb KaXX0My BEKTOPY X —MEePHOIr'0 IPOCTPAHCTBA

R mocTtaBJieH B COOTBETCTBUE BEKTOP Y M-MePHOTr0 NPOCTPaHCTBA S. PYHKIUIO
A(x) Mbl Ha30BeM JIMHEUHBIM IIpeoo6pa3zoBaHueM (onepaTopom) 13
NPOCTPAHCTBA R B S, eCJIU BBINOJIHEHHI CeAyollie YCIOBUS:

1. A(x; + x5) = A(x)+ A(xy).

2. A(Ax) = 1A(x).

Yacto BMecTo A(x) nuinyT Ax. B HEKOTOpPBIX Cay4yasix Mbl IPEAII00XKUM,
yTo R coBmapgaert S.

[Tpumep 1. IlycTb R - HeKoTOpas IJIOCKOCTb B TPEXMEPHOM NpocTpaHcTBe R3,
npoxojsaiias yepes HyJib. [locTaBUM B COOTBETCTBUE KaKJA0MY BEKTOPY

x € R3 ero npoekuumo A(x) Ha 3Ty MJI0CKOCTh R. Yc10BUs 1) U 2) BBINIOJHSOTCA.
Hanpumep, 1) o3Ha4yaeT, YTO NPOEKI Ul CYMMbl BEKTOPOB paBHA CyMMe
IPOEKI U M.

Mpumep 2. MycTb A = [a; f]mxn — HeKoTopasi MaTpula. KaxkzjoMmy BeKTopy
= (x4, ..., X,)! MOCTABUM B COOTBETCTBHE BeKTOP ¥ = Ax = (V4 ..., V).

Ax onpeieisieTCsl KaK YMHOXKEHHE MaTPHULlbl HA BEKTOP-CTOJI0EI]
BrinosiHeHUe yciioBUM 1) ¥ 2) 04eBUHO.



Caanag 1
l[epumMep 3. PaccmoTpuM n-mepHoe R"™ nmpocTpaHCTBO, 3/1eMeHTaMU
KOTOPOTO AABJIAETCA MHOTO4WIeHbl P cteneHn < n — 1.
[Tosioxxum
AP(t) = P'(1),
rae P'(t) - npousBoaHasa MHorouieHa P(t).
3aMeTUM, YTO JJaHHOe NMpeobpa3oBaHue - JIMHeKWHoe. [lockoJbKYy,

1) (P1(6) + P2())" = P{(6) + P;(t);
2) (AP(t)) = 2P'(t).

t2 tn—l
BoioepeMm B R" 6asuce; =1, e, =t, e3=—,...,e, = .
2! (n—-1)!

tn—Z

Torga Ae; =0, Ae, =1=¢4, Aeg =t =e,,..,Ae, = T ey

MaTpuiia npeob6pa3oBaHus B 3TOM 6a3rce UMeeT BU/;
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00001
-0 0 0 0 O



Caanng 1

[dprmep 4. PaccMOTpUM NPOCTPAHCTBO, B KOTOPOM BEKTOpPaMH
ABJAIOTCA HenpepbiBHbIe GyHKIMH f(t), 0 < t < 1. [losoxkum
1

Af© = [ r©de
0

[Ipeo6pa3zoBaHue — IMHENHOE. [leMCTBUTENBHO,

1) A(fy+f2) = [y (i + f)de = [ fdt + [y fodt = Afy + Afy;
2) A(Af) = AAf.



IIpeoOpazoBanus

kavHu4YHOe npeobpasoBaHue - E. ([lpyroe o6o3HayeHue - I):
Ex. =ane(pnn Ly =500

HyneBoe nnpeobpasoBanue O:
Ox = 0.

[IpeobpasoBaHUe cABUTra KOOPAUHAT:
Q - 'naBHasg MaTpulia lepeCTaHOBKH.

Q(x1, x5, ...,xn)T = R L o
OpToroHaJjibHOe Ipeo6pa3oBaHUe
(oproroHanbHoM Matpuneit UUT = I)
y = Ux, npwuatoM |y|=]|x|.

VY =B U X o= e,

[I[peobpa3oBaHue MOBOPOTA BEKTOpA



CBsi3b MeK1y MATPUIIAMHU U JIMHEMHBIMHU NMPE00Pa30BAHUSIMHA

eopema 1. PaccmoTpuM ABa IpOCTpaHCTBA - R ¢ 6a3UCcoOM e, ...,e, US C
06a3ucoM g, ..., gm- 1lycTb A- IMHenHOe npeobpa3oBaHue U3 R B S. [lpu
3aJlaHHbIX 6a3Kcax KaXXJ oMy JIMHEMHOMY Ipeobpa3oBaHUI0 A 0JJHO3HAYHO
COOTBETCTBYeT MaTpulia A =(a;;), ¥ Ha060poT, Kaxka0u MaTpule A =(a;;)
OTBeYaeT HEKOTOpoe JIMHeHHOoe IIpeobpa3oBaHue A.

/loKa3aTe/JibCTBO.

PaccMoTpuM npeo6pa3oBaHue N-MEPHOTO BEKTOpA X = )i~ X;e; B m-
MEPHbIA Y = X1 Vi Gk :

Y1 = Q11X1 T Q12X + o+ QypXp,

Y2 = A21X1 t A2X3 + o+ + AopXp,

................................. (1)
Ym = Qm1X1 + QX + 0+ QpupXp.

[IpeocbpazoBanue (1) onpeaessseTcd MaTpulen A = (aif)mxn U CTAaBUTH B
COOTBETCTBUE KaXK/I0MY BEKTOPY X BEeKTOp Y. JIerko MO>XXHO 3aMETHUTh,
4yTO npeobpazoBaHue (1), 3ajaHHOe MaTpULier A = (aij), SIBJISIETCS
JIMHEWHBIM, T.€. 1)1 HEr0 BbINMOJIHAKTCS yCJ0BUSA 1) U 2).



NPOAOJIKEHHE ....

A Tenepb JlOKaXKeM 00paTHOe YTBEPK/AeHUE, T.e. IOKAXXeM, YTO /14
KaXk/10r0 IMHEWHOT 0 NIpeoO6pa3oBaHus NpyU PUKCHUPOBAHHOM Oasuce
CyllleCTBYeT MaTPHUILIa, ONpe/ieisiolas 3TO Npeobpa3oBaHUeE.



Q603H3‘II/IM KOOPpAWHATLI BEKTOpa Aek B Oa3uce 91, -, gm Yepes
T
(alk; A2ky voes amk)

T.€. IIOJIOZKHUM

91, 92, -, Gm- [IpOM3BOJIBHOMY BEKTOPY

i A1k
Aekzzaikgiz [ : ] (1)
i=1 Amk
rneG =91, 92, .-, 9m| MaTpulla U3 cTOJIOLOB 6A3UCHBIX BEKTOPOB
X = X161+ -+ x,€, NOCTAaBUM B COOTBETCTBUE Yy = AX:
y = Ax = A(x,e; + xe,) = x;Aeq + -+ x,Ae, = (2)
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mn
m
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>=GAX=G

V1
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MaTtpuny A = (ai j)an HAa3bIBAKT MaTpULleH JIMHEUHOTO

[Ipeoopa3oBaHUs B 6a3ucax ey, ...,y U gy, ..., gm. leopeMa JJoKa3aHa.



BrIiBOoa

s[iHeHbIe npeo6pa303aHHH MO?KHO OIIMCbIBATb C IIOMOIIBIO
MATPpHUL U MAaTpPHUILbl ABJIAKOTCA TEM dHAJIMTHUYCCKHUM allllapadTOM,
C MIOMOIIBbKO KOTOPbLIX H3YyHYAKOTCA JIMHEHHbIE npeo6pa303aHHH
B KOHEYHOMEPHOM IIPOCTPAHCTBE.

[Ipy n3mMeHeHUU 6as3rca MaTPUIA, COOTBETCTBYIONIASA JAHHOMY
JIMHEMHOMY NPeo6pa3oBaHUI0 U3MEHUTCH.

B marpuue A, oTBeuyawller JIMH. lIpeoO6pa3oBaHulo A, K-u
CTOJIOeI] COCTOMT U3 KoopauHaT Ae, (k=1,...,n).
BekTOpHOMY paBeHCTBY JIMHEHHOTO Mpeo6pa3oBaHusi A
y = AX,
COOTBETCTBYeT MaTpPUYHOE MpeJCTaBIeHUe
y = AX.



Ilpumep

[Jpumep. IlycTb A oTo6paxaeT BekTop x € R3 B ero npoekuuio Ha
nJockoctb XOY .

PaccMOTpHUM KaHOHHUYECKUN 6a3ucC z }

e; = (1,0,0) P

Cr = (0. l()) € |
e; = (0,0,1)
Toraa
Ae; = eq; o
Ae, = ey; S e y
Ae; = 0. ki |

MaTpuia npeobpa3oBaHUe
OyeT UMeThb BU/

100
A=1010

000




Caanng 1

ldpumep. Ilyctb A oToOpakaeT BEKTOPbl KAHOHUYECKOTO

(craHzgapTHOro) 6asuca e; = (1,0,0)

e; = (0.1,0)

e; = (0.0.1)
B BEKTOPbI

Aer= (1.2},

:‘1(‘3 — (—l.—2).

Ae; = (11, 22).

Torpga maTpuia npeobpa3oBaHusi OyAET UMETb BU/]
=l 11]

Az[z R,



Cil0:)KeHHre, YMHOKEHHE JIUHEHHBIX Peo0Opa3oBaHuH

@npegesnienue 2. [IpousBeneHre JIMHEWNHBIX IpeoObpa3oBaHuu A U B
Ha3bIBaeTCs Npeobpa3zoBaHue C, COCTosAIIEe B MOC/TeL0BaTEIbHOM

BBIIIOJIHEHHWUHW CHA4adJld npeo6pa303aHHH B, a 3aTeM HpeO6pa3OBaHI/IH
A.

Jlpyrumu cioBaMu: C=AB v aJis 11060r0 BeKTopa X BepHo Cx =ABx.

[Ipou3BeieHUEe JTUHENHBIX IPE0OPA30BaHUN €CThb JIMHENHOE
npeobpasoBaHue. [leMCTBUTENBHO,

C(ty+x) = A [B(x,+x,)] = A(Bx, + Bx,) = (4)
= ABx, + ABx,=Cx, 4 Cx,.

TakuM e 06pa3oM MOXKHO JI0Ka3aTh, YTO
C(kx) = AB(kx) = A(kBx) = kABx = k Cx.

Onpegenenve 3. CymMMa JTMHEWHBIX Ipeobpa3oBaHuu A U B

Ha3bIBaeTCs NpeobpasoBaHue C, KOTOPOe KaXKJ0MYy BEKTOPY X CTAaBUT

B COOTBETCTBHE BeKTOp Ax + Bx. UHade roBops C=A+B, 03Ha4yaeT, 4To
Cx = Ax + Bx.



CBOMCTBA YMHOKEHHUSA U CJI0KEHUS JIMHEHHBIX

npeoopasoBaHUM

. A+B=B+C,

(A+B)+C=A+ (B +0),
A(BC) = (AB)C,
(A+B)C = AC + BC.
YMHOXXeHHue He KOMMYTATHWUBHO.
Hanpumep,

Eciu A = [(1) 1, = H(l) , TO

48 = [gg) [11]= [12] # 84 = [13] g+ [12}




OOparHoe npeodpa3oBaHue
Anpo u odpas JIMHEHHOI0 Npeodpa3oBaHUs

(@npenesieHue 4. [Ipeobpa3zoBaHue B Ha3biBaeTCs 00paTHBIM K A, eciiv
AB=BA=I, I - eguHH4YHOE Mpeobpa3oBaHHUE.

Onpegenenue 5. 1) [Iyctb A - npeobpa3oBaHue U3 R B S. COBOKYIIHOCTb
BEKTOPOB AX, rje x npoberaeT BCe NpOCTPAaHCTBO R, Ha3bIBaeTCsa 06pa3om
MpoCTpaHCcTBa R npu npeobpa3oBaHu A U 0603HavYaeTcs yepe3 Im(A):

Im(A) ={y €S:y = Ax, Vx € R}. (1)
2) Anpo uau Hysib-nipocTpaHcTBO Ker(A) JiMHeHHOr o Ipeo6pa3oBaHUs A,
3TO MHOXXEeCTBO BCeX BEKTOPOB VX € R, Takux 4To Ax = 0:
Ker(A) = {x € R: Ax = 0}.
onpejessieTcs cae. 00pa3oM

AHaJIOTUYHBIM XKe 00pa3oM olpejesisieTcs 06pa3 v AA4po AJid JIH0 60
MaTpHULbl A mopsiKa m X n:
Im(4) ={y €S: y = Ax, Vx € R"};
Ker(A) ={x € R: Ax =0, }.
3ameTka 1. 06pa3 matpulibl Im(A) - 3T0 JIMHeHHas1 060JI0YKa CTOJIOLIOB
MaTpHULbI A.



BaxxHas Teopema

opema 2. I[lyctb A — maTtpuna nopagkan X n. Torga

dim(Im(A)) + dim(Ker(A)) = dim(R).
Jloka3aTesbCTBO.
[IycTb Aipo MaTpUIbl UMeET pa3MepHOCThb k. BbibepeM B s1/ipe 6a3uUc
€1, ..., €x ¥ IOMOJIHUM €ero [0 6a3rca BCero NpoCTPaHCTBA: €x 41, .-+, En-

PaccmoTpuM BeKkTOpBI A€y 1, ..., A€y. MHOXKECTBO JINH. KOMOWHALIUU
BEKTOPOB Aeéy.1, ..., Ae,, COBIIaZaeT c 06pa3oM MaTpHUIbI A.

JleficTBUTENILHO, eciM y € Im(A), Toraa CylecTByeT

X =aes+ -+ a,e, TAKOWU,UYTOAX =y = Ayy14€k+q1 + -+ a,Ae,.
JlokakeM, 4TO n-k BEKTOPOB JIMHEWHO He3aBUCUMBI. [IyCcThb 3TO He TaK.
Torpa gy HeTpuBUaIbHOTO Habopa by, 1, ..., b, AOJKHO OBITH
PaccMoTpuM BeKTOp z=by,1€k4+1 + *** + by €y, AJiS KOTOpPOTO corsiacHo (1)
Az = 0. [lony4aeTcs, YTO BEKTOP C OAHOU CTOPOHBI IPUHALJIEXKUT SAADY,
M BbIpakaeTcs 06as3vcoM djpa éq,...,€e, C APYyroh CTOPOHBI BbIpaXKaeTcs

ApyruM 6a3ucoM €j4q,...,€n, YTO HEBO3MOXXHO. TakuM o006pa3oM
pa3MepHOCTb 0Opa3a paBHa n-Kk.

Teopema 2 moka3zaHa.



CBsi3b MeKAy MATPUIIAMHU JIUHEHMHOT 0 IPeo0pa3oBaHus B

Pa3JIMYHbIX 0a3Hucax

RaccmoTpuM JinHellHOe peo6pa3oBaHre A B R" B pa3/inyHbIX
0asucax: eq, ...,ep U f1, ..., fn.llycTb A = (a;;) — MaTpHILa JUHEXHOTO
npeobpasoBaHus A B 6a3uce ey, ..., e,,a B = (bj,) - MaTpuLa
JIMHEWMHOT O npeobpa3oBaHus A B 6asuce fq, ..., f. [IycThb
E=]leq..,eq|uF =[f1,...,fn] - ABe HEBBIPOX€HHbIE MATPHUILIbI,
CTOJIOIbI KOTOPBIX COCTOST U3 COOTBETCTBYIOILIMX OA3UCHBIX

BeKTOpoB. Toraa C - MmaTpula nepexojia OoT 6a3uca ey, ..

fl, ...,fn ornpeaejanTCcd u3 COOTHOLIEHHNA

F =EC.
B 6asmuce ey, ..., €, MOJIOKUM
Ve = AX,
B 6asuce f1, ..., f, TOJIOKUM
Eciu C - MaTpula nepexosa, TO
Ve = Cyy, Xe = Cxy.

Torna

., ey, K 6azucy
(1)
(2)
(3)

(4)

Vo = AXg=> Cyr = ACXp = Yy = C7-ACX; = C=-AC = B:" {(5)



ITonoOmne! Baxxnast Benin!

@upepaesienue 6. Matpulbl A U B, cCBSI3aHHbIE COOTHOILLIEHHEM
B = C~1AC, Ha3bIBAIOTCS MOJA0GHBIMM .

OHH COOTBETCTBYKOT OAJHOMY M TOMY K€ JINH. npeoGpa3OBaHmo B
Pa3JIM9HbIX 0a3ucax.



3agaun

3agaun u3 KHUrK [ AneckepoBa_I[MOHTKOBCKOIO]

3. Determine which of the following mappings are linear:
(8) F: R R F(x; y,2 = {x,2)-
(b) F:R* = R, F(x) = —x.
() F:R*—> R, F(x) =x+ (0,—1,0).
(d) F:R*— R? F(x,y) = (2x + 4, y).
(e) F:R*—> R, F(x,y) = xy.
5. Let R be a three dimensional space with a basis e,, e,, e3. Consider the operator
which maps any x € R to its projection on the space spanned by e;. Prove
that this operator is linear. Find the transformation matrix with respect to the

canonical basis of R = R-.

7. Determine which of the following mappings F : R* — R? are linear, and then
find the associated transformation matrix of F with respect to the same basis
through which x and F(x) are represented.

(a) F(x)= (x2 + x3,2x) + x3.3x] — X2 + Xx3).
(b) F(x) = (x1,x2+ 1.x3+2).

(c) F(x) = (2x] + x3.x) + x3.X3).

(d) F(x) = (x] —x2 + X3, X3.X2).



3agaun

3agaun u3 KHUrK [ AneckepoBa_I[MOHTKOBCKOIO]

0. Let F : R* — R? be such that F(x) = (x,a)a, where a = (1,2, 3). Prove
that F is a linear operator, and find its transformation matrix with respect to the

canonical basis for R?, and also with respect to the basis:

by = (1.0.1),
bs = (2,0,—1),
b3 —- (l. 1.0).

10. Assume a linear operator has the following matrix with respect to some basis

€1,€,,€3,€4
" 5$2:0'1]

3012
25 3 1
EoEnl

Find the matrix of this operator with respect to the bases:

(a) er,e3,e4,€
(b) ej.e) +es.¢) +e;, +ey.¢)+¢, +€3+ ey



3agaum
12. A linear operator has the following transformation matrix

" 1 -18157]
—1=-2215
1 —2522 |
with respect to the basis
a; = (8.-6,7)
a = (—16 7—13)
d3 = (9 —3.7)

Find the operator matrix with respect to the basis

by =(1.-2.1)
b, = (3.—1,2)
b; =(2,1.2)

10. AURAMNILIC, 11U Y HUAVUHDIA Mal puniy pant v, vupoacuadTCIIN U CJICAbI
COBIIAIAIOT.



