[NnaBa 5

OEOYKTUBHBIE TEOPUW



AEAYKUNA, UHOYKUWNA

Hdedykuusa ( deductic — BbiBeaeHune ) - cdopma MbILWNEHUA, Koraa
3aKnio4veHne BbIBOAUTCH NOTMYECKUM NYyTEM M3 HEKOTOPbIX NOCLISTOK.

Undykuus ( inductio — HaBeaeHwe ) - cbopma MbIWNEHUA, Koraa oT
HEeKOTOpPbIX PaKTOB UMMM UCTUHHbIX BbICKa3biBaHMN Nnepexoaar K runorese
(oBbLwemy yTBEpPXKAEHUIO).

HenykTtuBHbIe paccyXxaeHus.
1. Bce noan cmepTHbl. Cokpatr — 4denoBeKk. CneaoBarenbHo, Cokpart
CMEpPTEH.
2. 5>3, 3>1, cneaoBarenbHo, 5> 1.

MpuMepbl MHAYKTUBHbIX paccyXaeHWn.

y=2x+1 —npsamas

1. padmk yHKUMKM }, cnepoBatenbHoO, rpacdonkom

y=Xx+2 -—npamas
ana y=kx+b asnaerca npsamas.

2. NMyctbp = 22"+ 1. Mpun=0,1, 2, 3, 4 nony4um, Yto p paeHo 3, 5, 17,
257, 65537 n Bce OHM NpoCTble YUCna, Npeanonaraem, YTo Bce 4ucna p
npocTble (runotesa Pepma). Avnep nokasan, vYTto aAnd

n=5 p=4294 967 297

n genutca Ha 641. CneaoBarenbHoO, NpeanonoxeHue Pepma He BEPHO.
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3ALAHVE OEAYKTUBHOW TEOPUN

HedykmueHasi meopusi 3afaHHa ecnu:
1) 3apaH ancgaBur,;
2) 3apaHbl npaBuna obpasosaHua opmyn; @ - MHOXeCTBO hopMyn;
U3 @ BblgeneHo aeayKTUBHbIM CNOCOOOM NOAMHOXKECTBO T, 3/IeMeHThbI
KOTOPOro Ha3bIBakOTCA TeopeMamMu.

T MOXHO 3aAaTb:

|. a) U3 @ BbigenaeTca NOAMHOXKECTBO A, afieMeHTbl KOTOPOro HasbiBakoTCH
aKCUoOMaMHM — 3aZlaHbl aKCUOMb;
0) 3apgaeTca KOHEYHOE YUCIO NpaBuN BbIBOOOB.
3Ta Teopus HasbiBaeTCA hopMasibHOU akcuoMamuyeckol meopuetl (PAT).

AKkcuombi He JoKasbiealomces He 10MoOMy, Ymo mMoaym He doKasbieambcH,
a nomomy, 4mo He moaym 6bimb 0OKa3aHbI.

Il. a) 3aiaHbl aKCUOMb,
0) npaBuna BbIBOAA CUMTAIOTCA U3BECTHBLIMM.
310 nosygopmasnbHasa akcuomMamudeckas meopus (f1AT).

I1. a) AKCUOM HeT;
0) 3apgaeTca KOHeYHOe YUCNO NpaBuUs BbIBOAOB.
TaKyo TeOpUI0 Ha3bIBalOT Meopueil ecmecmeeHHo20 ebigoda (TEB). 3



CBOWCTBA OEOQYKTUBHBIX TEOPU

ﬂeﬂyKTMBHble TEOPUHU, B KOTOPbLIX MHOXECTBO TEOpeM T = ¢, Ha3bIBalOTCA
fnpomusopevusbimMu, B NPOTUBHOM Criyvyae — HeripomueopeilebiMuy.

CBOWCTBO  [Oo/IHOMbI  AEOYKTUBHOW  TEOpPUM  XapaKTepuayeTr
[OCTaTOYHOCTL TeopeM Anf KakuX-To uenei. B 3aBucumoctu or uenent
BBOJATCA Pa3NnyHble NOHATUSA NOMHOTHI.

Hesasucumocmb akcuoM. AKCUOMA A , Ha3bIBAETCA He3aelcumol, ecrin
A , Henb3A OOKa3aTb U3 OCTanbHbLIX akcMOM. CUCTEMa aKCMOM HasblBaeTcH
HE3aBUCUMOM, ECNU KaXaasA U3 HUX HE3aBUCUMA OT OCTanNbHbIX.

Paspewumocmb meopuu. [enyKTUBHAA TeopUs Ha3-CA paspewumol],
eClnu cyllecTBYeT MeToZ, MO3BONAIOLWMIA ANA NPOU3BONLHON dopmynbl A 3a
KOHEYHOE YUCNO AEHUCTBUN BbISICHUTD, ABNAETCA A TEOPEMON UIN HeT.



NMOJNTY®OPMAIJIbHAA

AKCUOMATUHECKAA TEOPUA



NMNOJIYOOPMAJIbHAA AKCUOMATUYECKAA TEOPUA - TEOMETPUA

[eomeTpua EBknuga (330 — 275 rr. go H.3.) «Havyanan.

Akcunomartuka Nmnbbepra:
1. 3a0aHO mpu pa3nuyHbIX MHOXecmea:

a) aneMeHTbl 1-r0 MHOXeCTBa Ha3blBalTCH
moykamu n obo3Havatorcs yepes A,B,C,...;

6) anemMeHTbl 2-r0 Ha3bIBalOTCA MPSMbIMU W
obo3HauvaloTcs yepes a, b,c,...;

B) 3NeMeHTbl 3-r0 MHOXEeCTBa Ha3blBalOTCA [I/IOCKOCMSAMU W
obosHayvatotrca yepes «,B,7,....

Ha MHOXecTBe Touek, nPpAMbIX W NSIOCKOCTEN @8edeHb! OMHOUWeHus,
obo3HayaeMble CNOBOM «nexar»n, «Mexgy» N «KOHTPYIHTHOY.



AKCHUOMbI TEOMETPUA

Mepeas rpynna - akcuomMbi ceasu (8 akcuom).
1). KakoBbl Obl HM ObINMM ABe TO4YKM A, B, cywecTtByeT npsMmas a,
NpoxoAasilwas yepes Kaxayto us To4vek A, B.
BTopas rpynna - akcuombi nopsdka (4).
1). Ecnu Touka B nexut mexay toukamm A u C, 10 A, B, C - pasannyHble
TOYKM O4HOMU NpsiMON b U TouKa B nexut takxe mexay C un A.
TpeTbs rpynna - akcuomMbl KOH2py3aHmHocmu (5 akcuom),
YeTBEpTaA rpynna - akcuomMbi HerpepbieHocmu (2 akCUOMbI)
MaTas rpynna - akcuoma naparnnenbHocmu.

Akcuoma Eexnuda. A
—

a

Axcuoma Jlobayesckozo

VAN




®OPMAJIbHAA
AKCUOMATUHECKAA
TEOPUA

(MICYUCIIEHNE
rMIIbGEPTOBCKOIO THUIIA)



P®OPMAJIbHAA AKCUOMATUYECKAA TEOPUA (PAT)

@®AT 3agaHa ecnuv 3aaaHbl:
1. AncpaBuT Teopum. 2. Popmynbl. 3. AKCNOMBI.

4. KoHe4yHoe Yucno npaeun BbiBoaa Ry, Ry,..., R,, cornmacHo Kaxaomy us
KOTOPbIX HeKoTopas cropmyna, UMEeHYeMas HernocpedcmeeHHbIM
crredcmeuemM, HeNOCpeACTBEHHO BbIBOAMMA W3 HEKOTOPOro KOHEYHOro
MHOXecTBa ¢hOpMYyr, Ha3bIBaeMbIX TOCLI/IKaMU.

Bbieod B PAT - nocneaoBartenbHoOCTbL A ¢, A »,...,A , chopMyn, Takas, uTo
A j— akcuoma

Ans Kaxgoro i (1<i<n): A= {A ; — Herocp. crnedcmeue
; .

®opmyna A Teopun B Ha3-cA meopemoll Teopun B, ecnn 1 BbiBoA B B, B
KOTOpPOM nocneaHen coopmyrion ABNsieTcH A.

®opmyna A - crnnedcmeue MHoXecTBa chopmyn G Toraa v ToNbKO Toraa,
Koraa CylwecTByeT Takasa nocrneaoBateribHOCTbL hopMmyn A 4, A 5,..., A ,, uTO
A ;— akcuoma

A,=A un A;= {A;—Henocp. cnedcmeue Toraa nuwem: G|A
A; —bopmyna us G

anemeHTbl G — 2unomessbl. <> «cdopmyna A ABNAETCA TEOPEMONY».
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CBOWCTBA BbIBOZUMOCTH

1.Ecnu GcFuecnn G LA, ToF FA

2.G |-A © KormaB G 3 KOHeYHOe NOAMHOXECTBO H Takoe, 4to H |-A.
3.Myctb G | Au V dopmyna B u3 G, Buisoguma u3 F,torga F | A.
3*.EcmABuBC T0ALC.

4.Ecnu G,AFBu G|A, 10 G|B.

10



UCYNCNEHWE BbICKA3bIBAHWUN (TEOPUA L)

1. Cumeonnbil: |, =,),( A, A5 A, ..

2. Qopmynbi L :
1) Bce OykBbI A 1, A 2, A 3,... CYTb (hOpPMYnbI;
2)ecnn A n B dqropmynbl, TO(]A) M (A=>B) TOXe ddopMynbl;
3) BblpaxeHue Teopun L aBnaetca ¢opMynou TONbLKO Torga, Korga
3To cneayet us 1) n 2).
ByaeM cuutatb, yto: A& B © (I[(A=(]B)), AvBo((|[A)=>B),...

3. Akcuombi L. AAina V dqopmyn A, B u C Teopuu L, cneayrowue copmynsol
CYTb aKcuombi L.
A1: A=>(B=>A);
A2: (A=>(B=>C))=>(A=>>B)=>(A=>C));
A3: (IB=]A)=>((IB=>A)=>B).

4. [1pasuno ebisoda meopuu L . modus ponens (MP).
B ecTb HenocpeAcTBeHHOe cneaAcTBUe A U A = B.

MP o3HavaeT: A,A=>B |-B. y




HEKOTOPBIE TEOPEMbI UCYUCIIEHNSA BbICKA3bIBAHWU

llemma 1. na V cdopmynsl A Teopun L copmyna A = A aBnserca
TeopemMon 3TOW Teopuu L .

Teopema (Teopema aeaykuuu). Ecnu I - mHoxecTBO chopmyn, A, B -
oopmynsiu I, A | B, 1o I | A=B. BuactHoct,ecnu A | B,1o | A=B.

Cnedcmeue1. A=B, B=C [A=C.
Cnedcmeue2. A=(B=C),B}A=C.

llemma 2. na V copmyn A, B cnepyiowmne dopmynbl ABNAKTCA
TeopemaMu B L:

a) [/|B=>B; 6) B=1]1B;
B) /A=>(A=>B); N(IB=>71A)=>(A=>B);
n)(A=>B)=>(IB=>]A); e)A=>(/B=>]/(A=>B));

X)(A=>B)=>((/A=>B)=>B).
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[BA ONPEOENEHUA HENMPOTUBOPEYUBOCTHU

[lepeoe onpedenerue. [lenyKTUBHASA TEOPUS Ha3-CA NMPOTUBOPEYUBOM,
ecnm T=@ u HenpoTuBopeunBon ecrim T#9Q.

Bmopoe onpedeneHue. leaykTMBHAA TEOPUA Ha3-CA NPOTUBOPEYUBOM,

ecnu 3 hopmyna A Takas, Yto |—A U |- JA ; ecnu Takou opmynbl He J, TO
TeOpUA Ha3-CA HENPOTUBOPEUUBOM.

Teopema 5.2. [Ina Teopuu, coaepxaliux UCYUCNEHUE BbICKa3blBaHWUMW,
npuBeAcHHbIE onpeaeneHus (He) NPOTUBOPEYUBOCTH IKBUBANEHTHbI.
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OOKA3YEMbBIE TPABUIIA BbIBOOA B L

A A=B
[lpaBuno modus ponens: B
TeopeMa geayKuuu: G, A |-B; G =
A=B
[paBuna:
nepesepThiBaHus: G, A | B; G,IB 7 ;
A
yaanenus &: A&B & , A&B & ; BBegeHua &: A,B &, A,B &;
A B A&B B&A
A A
BBeOeHuUA V. —— V, —— V, CBeOeHUS K HeNenocTu: A|— B,A|-YB
AvB BvA

/A

AoKasaTenbcrBa pa3bopom cnyyaes: A |—C, B |—C, AvB v,

C
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CBOMCTBA WUCYUCNEHWA BbICKA3bLIBAHUN

Henpomusopeyueocms

Teopema. McuucneHuwe BbICKasbiBaHUA HENPOTUBOPEYMBO, T.e. He 3
coopmynbl A Takon, ytobbl A U JA Oblnu ee TeopeMamu.

Teopua L nonHa e WUPOKOM cMbicsie, ecnu B Hen AOKa3yeMa Kaxaasn

chopMyna, ABNAIOWANACA TABTONOTMEN.
®

Teopuss L nosiHa 6 Y3KoM CMbicsie, €CNN NpucoeauHeHne K ee akcuomam
KakoW-Hubyab, He BbiBOAUMOW B HeW (hOpMynbl, NPUBOAUT K

MPOTMBOPEUNBON TEOPUM.
B

Teopema (o0 nonHote). Ecnu dopmyna A Teopum L ABnsetcsH

TaBTOHOI'VIeﬁ, TO OHa ABJACTCAH TeopeMoﬁ Teopuu L. i




HESABUACMMOCTb AKCHUOM

Teopema. Kaxxaaa ns cxemMm A1, A2 n A3 HeszaBUCUMa OT OCTallbHbIX.

Ana Aft.

1

O |md |

N = (oN|=oN=|o>
NINN (=== olo|lo|b

-
~
2
~
~
S
D

NININ= = -=000 mOONONNONOU

O =mdQ == Q==

OINININININININN U

000000000 U

NININ==2=2000 M

NINOOINNONN U

OOININOO OO O U

QIO Q| = | md | | |k |
N =ON=OQN=O
QIO Q| = | md | | | |
N =ON=OQON=O
NNN==-=00 0

Ho AT He AaBnAeTCA Bblﬂe.l'IEHHOl‘;l, TaK KaK MTpUHAMAET IHa4YeHUANC 2.
Al | = | (A2 = | A1)
1 2 2 8 1
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PA3PELLIUMOCTb.

Teopema. lcuucneHue BbIiCKa3biBaHUW (Teopua L) ABndAetcs
paspeLiMuMou TeOpUeHn.

OokasaTenbcTB0. PopMyna A Teopuu L aBnseTcA TeOpeMou Toraa
U TONbKO TOrAa, KOraa OHa ABNAETCA TaBTONOIUEN.
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TEOPUN TEPBOIO TMOPAOKA

1. CuMBONLI: |, = - NpONO3ULUOHANbHbIE CBA3KM;
(,),’ -3HaKN NYHKTyaUum;
X1, X 2,... -CYETHOE MHOXECTBO NpeaAMETHbIX NePeMEHHbIX;

di,dz,. - KOHEYHOE (BO3MO)KHO U nyCToe) UNnu CYeTHOE MHOXECTBO
npeaMeTHbIX KOHCTAHT,

A,‘.k (i, k20) - HenycToe, KOHEYHOE UMW CYETHOE MH-BO MpeaUuKaTHbIX
OYKB;
f;‘ (i, k21)- KOHeYHoOe (BO3MOXHO U NYCTOE) UNU CYETHOE MH-BO

thYHKLMOHANbHbIX OYKB;
Vx;,3x;(i21)-KBaHTOpbI.

CueHamypa — Habop U3 Tpex MHoXecTB 2= (Cnst, Fn, Pr), roe
Cnst - MHOXeCTBO NOCTOAHHbIX (KOHCTAaHT);

Fn - MHOXeCTBO (hYHKLMOHaNbHbIX OYKB;
Pr - MHOXeCTBO npeauKaTHbIX OYKB.

2. GopmMynbl TEOPUU NEPBOro nopsaaka - hopMynbl NOTMKW NPeAUKaTOB.
18



TEOPUN TNEPBOIO MNMOPAOKA ( TEOPUUK)

3. AKCUOMBI Teopuu K:
Jloeuyveckue akcuombr. pna V ¢popmyn A, B, C uMeeM akCUOMBI:
A1: A=3(B=3A);
A2: (A=>(B=>C))=>(A=>B)=>(A=>C));
A3: (IB=>]1A)=>((1B=>A)=>B);
Ad: Vx; A(x;)=>A(t),
3gecb { TepM Teopun K, cBoboaHbin ansi x; BA ( X ;);

AS: W, (A=>B)=>(A = Vx;B), ecnu A He coaepXKuT cBOOOAHDIX

BXOXAEHUN X..
CobcmeeHHbie akcUOMbl Y KaXaon TEOPUMN CBOM.
4, lpaBuna BbIBOAA:
1) modus ponens: A,A=B | B;
2) npasusno obobuwenus ( Gen): A |— v x; A.
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APUOMETUKA

Cuctema akcuom ( [lenekuHp, MNeaHo ):
P 1: 0-ecTb HaTypanbHOe YUCO;

P 2 : pAna V HatypanbHOro yucna x 1 Apyroe HaTypanbHOe 4MCHo,
0603HauyaemMoe X’ 1 Ha3bIBaeMOe HEMoCPEeACTBEHHO CreayIoWmnM 3a X;

P3: 0+Xx’ pnaVv HatypanbHOro yicna Xx;

P4:ecniux’ =y, TOX=Y;

P 5 : ecnu U ecTb CBONCTBO, KOTOPbIM, ObITb MOXET, 06naaaloT ogHu U
He obnapgaroT Apyrie HatypanbHble YUCna, U ecnu:

1) HaTtypanbHoe yucno 0 obnagaet ceoncTtBoM Un

2) OnA V HaTypanbHOro Yyucna X u3 Toro, Yto x obnagaeT cBocTBoM U
cnepayeT, YTo U HaTypanbHoe Yyncno x’ obnagaet cBOMCTBOM U,

To cBouctBoM U o6GnapaloT Bce HatypanbHble uucna  (MpUHLMM

MaTeMaTUyecKon NHAYKLMK).
20




POPMAJNIbHAA APUOMETUKA (TEOPUA S)

S - Teopusa 1 - ro nopsgka, nMerowaa CUMBOIbI: Af, aq, f11, f12, f%,
L=>,),(," X1, X2,..,VX 4, VX240, IX 1,00, TX 2,...

A12(t,s) Yyepes (=s, a; duepes 0,

f11 (t) Yyepes Ut f12(t,s) Yyepes t+ s,

f% (t,s) dYepes tes (e - 3HAK YMHOXEHUA).

CobcTBeHHble akcuoMbl hopManbHOU apugpMeTUKN:
S1: x1=X2=> ((X1=X3) = (X2=X3));
S2: X4=X,=2>X4'= X'
S3: 0 =x4
S4: X4 =X'=2DX4= X3p;
S5 x4 +0=Xxy;
S6: X1+ X '=(X1+X2);
S7: x4 0=0;
S8: XieXy,'=X;0X+ X15
S9: A(O0)=>(VXi(A(X1)=>A (X)) = VXA (X))
roe A(x;) - nponsBonbHasa popMyna Teopun S.

NMpaBuna BbiBoga: MP un Gen. o1




CBOUCTBA UCHUCIIEHUA MPEAUKATOB MEPBOIO NMOPAOKA

Teopema. Kaxkgaa Teopua K; HenpoTuBopeduBa.

NcuncneHne npeauvkatoB 1-ro nopsgka Has3-cH rosiHou e WUPOKOM
CMbiCcSTe, eCqIn V¥V Nnorndyeckas oduwesHadymmMmasn cbopmMyna aBnseTcs Teopemoﬁ.

Teopema (Teopema Iégena o© nMNOJIHOTE). Kaxkgaa  J1ormyecku
obLwesHauynman cbopmyna us K; aBnaerca reopemMon B K.

=B~

Kaxkaaa TeopemMa B Teopun K; ABIIAETCH JTIOTNYECKHN

obLesHavMmMmon hGopmMysion. /
o

Teopua K cuntaeTca rmosiHol 8 y3KkoM cmbicsie ( UNN B cmbicrte [Tocma ),
ecnu pgobaBfieHMEe K €€ akcuomMaM Joboro HegokasyemMoro B Heu
YyTBepXASHU A NPpUBOAUT K NPOTUBOPEYNBON TEOPUMN.

NcuncneHne npegnKaTtoB HeNnoJiHa B Y3KOM CMbICJl€e.

Teopema (Teopema 4Yépua). NcuucneHue npeauKaToB MNepBOro nopsgka
ABJIAETCA Hepa3peLMMOn TeopUuen.
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CBOWCTBA TEOPWUW MEPBOIO NOPAOKA

[epBan TeopeMa 'egensa yTBepxaaeT, uto Kaxaaa OAT K, cogepxalyan

chopManbHyl0 aputhMeTUKy TakoBa, YTO ecnn K HenpoTuBopeunBa, To K
CYLLeCTBEHHO HenonHa.

Bropaa Teopema legensa. Ecnu Teopua K , cogepxawaa apudoMeTUKy,
HEMPOTUBOPEUYMBA, TO HEMPOTMBOPEUMBOCTL €e Henb3d  [AoKasaTb
cpeacTBaMn caMon Teopum K.

AKCMOMaTHYECKMIN METOA NO3BONSET:
1) cucTeMaTU3npoBaTh Hay4HbIi MaTepuan;
2) obecneynTb onpeaeneHHyo OpraHn3aumnio HayyHoro 3HaHus;

3) wuccnepoBaTb  CTPYKTYPY  PasNMUYHbIX  TEOPUA M KX
B3aWMOOTHOLLEHWE;

4) obecneynTb HeOBXOANMYIO CTPOrOCTb PACCYKAEHMN,

r l

[. TunbBept: "Mlod 3HaKoM aKcuoMamuyecko2o Memoda Mamemamuka .
' nposesigem ceok PyKoe0oOsWY0 POb 8 HayKe soobue”. !




NMOUCK KOHTPIMPUMEPA

MycTb gaHa cdopmyna W nornku BbiCKa3biBaHMW, KOTOpas BO3MOXHO
He fABNAeTCA TaBTONONMeW, crefoBaTeNnbHO, MOXeT ObiTb CYLIECTBYIOT
O3Ha4YMBaHWe MepeMeHHbIX, MNP KOTOPbIX OHa NOXHa. Kak 3T0 BbIACHUTbL?

EcTecTBEHHO MOCMOTpPETb Ha CTPYKTYpPY hopmMmynbl W.

Echnu W wumeet BuA: A= B,

TO Hafl0 HaUTW 3HaYeHNA NepeMeHHbIX, Npu KoTopbix A=W, a B=]Jl.

Ecnn W umeet BUA: Av B,
TO Hafl0 HAUTU 3HAUYEHUA NepeMeHHbIX, Npu KoTopbix A =B=]l.
Ecnn W wumeet BUA: Aé&B, 10 ....
TeM caMbIM 3agaya NoucKa KOHTpnpuMmepa gna ¢opMmynel W cBogutcsa K

OAHOW UIN HECKOSTbKUM aHanornyHbIM 3agavam.



CEKBEHLUWA

CexeeHyuel Ha3blBaeTcq BblpaxXeHne Buaa > A, rae ' n A — HeKoTopble

KOHeYHble MHOXecTBa POpMYI, 3HaK — pasjenseTr 3TU MHoXecTBa popMyn.

C Kaxaom cekBeHUUeU r - A CBA3bIBAKOT 3aja4yy MOUCKa TaKuUX

3Ha4yeHU nepeMeHHbIX, NpU KOTOpbIX Bce ¢hopMynbl U3 [ WUCTUHHLI, a Bce
doopmMynbl U3 A NOXHbl. TaKkon Habop 3HaYeHUN Ha3bIBaeTCHA KOHMPrpuMepom
K cekBeHUuun [ —> A.

Mycte I = {A,, Ay ,...A,)}, A={B,, B, ,..., B, }. Torna KOHTpnpumMmepbl K
cekBeHUUMU [ —> A — 3TO KOHTpNpuMepbl K opmyne
W = A&A&.&A,=>B1vBv..vBp,.

TO ecTb Te Habopbl 3Ha4YeHUW, Npu KoTopbix dopmyna W noxHa. Npu 3TOM

KOHBHOHKUUKO Nycmoc20 MHO>»ecmea (bO PMyn CHUTdeM ToxXaeCcTBeHHO
UCTUHHON, a 0U3'bi-OHKuUl-O nycmoeo MHoOdechea q‘)opmyn CHUTaeM
TOXAECTBEHHO JTOXHOMN.

25



CBEAEHUE 3AOAYN NMOUCKA KOHTPMPUMEPA K ®OPMYJIE K
SAO0AYE NMOUCKA KOHTPMNMPUMEPA K CEKBEHLWU
3agaya noucka KOHTpnpuMmepa K doopMmyne B MoxeT ObITb chopMynMpoBaHa Kak

3aZiaya NOUCKa KOHTpNpuMepa K ceKBeHLUU:
@ — {B}. BmecTo & —>{B} 6yaem 3anucbiBatb: — B,

a BMecto {Al > OyneMm 3anucbliBaTb A-—

MycTb B NneBon U NpaBoOM 4YacTAX CeKBEHLUUU BCTpPe4arTCA OAMHAKOBbIe
dopmMynbl, HanpuMmep, D coaepXUTCA U cneBa U cnpaBa ceKkBeHUuU. Toraa B
cdopmyne W O6yapet copepxatbca =D v D noatoMy W saABnsetcs taBTonoruemn
U He MoxeT ObITb NIOXHON, U, cneagoBaTenbHo, W He nMeeT KOHTpNpuMepa.

Mpumep. CekBeHUUA A > AB He UMeeT KOHTpnpuMepa, Tak Kak
cdopmyna W=A>AvB ~-AvAvEB TaBtonorus, a cekBeHuusa A - B, C
UMeeT KOHTpNpuMep, Tak Kak oopmyna W=A—>BvC ~ —-AvBvC 6yaer

NoXHa, Koraa A=, B=C=Jl.
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3A0AHVE WUCUYMCNEHWA BbICKA3bIBAHWA B BWAE
UCUYNCNEHUA CEKBEHLWNA

AcuucneHue cekBeHUUA AN BbicKa3bliBaHUW 0603HavaloT Kak cuctemy G’

1. CumBonamu G’ agnsarrea: -, &, v, =, ),( U OYKBbI A, A, A;,...

2. dopmMynbl G’ 3a8al0TCA TaK e, KaK B JIOTUKe BbiCKa3biBaHUMN.

3. Akcuombl. B G’ akcuomamu SIBASILOTCS CeKBeHLUU, B JIeBOU U MpaB(

yacTsAX KOTopbIX hopMynamu SIBNSIOTCA TONbKO aToMapHble hopMyrnbl, MpUue

HeKoTopas ddopMyna BeTpeyaeTcs B 00eUx YacTaAX CeKBeHUUMU.

[Mpumep akcuomebl: A, B - A.

OyeBUAHO, YTO aKCUOMA He UMeeT KOHTpNpumMepa.
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3A0AHUE NCHYUCINEHUA BbICKA3bIBAHWUW B BUAE
WCYUCNEHUA CEKBEHUWW - MPABUINA

4. MpaBuna BbiBOoAA 3agatoTca B cbopme:

CeKeeHUUA CeKEeeHUUA CeKeeHUuA
nnu
CeéKeeHuuAR CeéKeeHUUA

BerHl/le ceKkBeHUuMMn CHUTArTCA NOCblJNIKaMW, a4 HWXHUe - 3aKNr4YeHUAMN.

CnpaBa OoT npaunt MOryT 3alunuCbiBaTbCA CBA3KU -—, & v, = KOTOpPbIe

NCKNHO4YalkloTCA No 3TUM MNnpaBuiiam.

B ka)xdom npaeusie cyumaemecs, 4Ymo HLU)XKHSS CeKe eHUUS uMeem KoHmprpumep
moeda u moJsibKo moeda, Koeda xoms 6bl 0OHa U3 8epPXHUX ceKeeHUul umeem

KoHmMpnpumep.
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UCYUCNEHUA CEKBEHUWW - NPABUNA

Myctb ' 1 A — HeKoTOpble KOHeYHble MHOXecTtBa cdopmyn M3 G, a Au B
npousBonbHble copmynbl U3 G’. [lpaBunamuM BbIBOJOB B cuUcTeMe G’
CYMTalOTCA crnepyoLuue:

ﬂF%AA I'>BA 6)A&F+A
I'>A&B A A&B T > A

I'>A,BA nAJaA BI—>A
I'>AvBA AvBT > A

1) I''A-> B, A e)FaAA I'B—> A
I'>A=>BA A=>BT > A
AT > A I'—>A4,A

X) 3)
I'->-4,A -A, T > A

I, A obo3Hauaet I U{A}. Kaxxgoe npaBuno npuMeHseTcs AnA aHanusa ogHon us
hopMyn HUXKHEWN CEKBEHLUMN.
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UCYUCNEHUE CEKBEHLUWW — UCMOJIb30OBAHUE NPABWUN

Kak nonb3oBatbcA npaBunamu? Bo3bMEM CeKBEHUUIO, K KOTOPOU Mbl
uwem KoHTpnpumep. Beibupaem B HeM nocnepoBaTtenbHO (nekcorpadpuvecku)
copmyny cHavana crneBa 3aTem cripaBa CeKBeHLWUWU, MOCMOTPUM Ha rflaBHYIO
CBA3KY U MNMPUMEHUM COOTBETCTBYylOWEee MpaBuUiio, HanucaB OAHY WU ABe
CeKBEHLMU HaZA UCXOAHOWU. 3aTeM K KaXAoOW U3 HUX CHOBA NMPUMEHUM OAHO U3
npaBun U T. 4. MNocreneHHo 6yaeTr pacTu «aepeBO MOUCKA KOHTpnpuUuMmepar,
NPUYEM UCXOAHAA CEKBEHUUA ODyaeT UMeTb KOHTPNpUMep TOraa U ToNbKO Toraa,
Koraa ogHa U3 BepXHUX CeKBEHL UMW (CTOALUNX B «JTIUCTLAX») 3TOro AepeBa UMeeT
KOHTpNpUuMep.

3TOT npouecc obpbIBaeTcA B TOM crnyvyae, ecnu Bce ¢opmynbl B
OCTaBLIMUXCHA CEKBEHUUAX NpeacTaBnsAloT COOON aToOMbl (NepeMeHHbIe), Toraa HU
O4HO W3 HAaWMKUX MNpPaBUNl MOUCKA KOHTprpumepa He npumeHumo. K atomy
MOMEHTY BCE CTAaHOBUTCH ACHbLIM: €Cnii B JIEBOU U NPAaBOU 4YacTU CEKBEHLUU
ecTb obwun atom (cbopmyna, nepemeHHas), TO K HEW HeT KOHTpnpumepa. Ecnu

XKe neBpas U rnpapasd 4aCtTu CeKBeHUUUU He NepeceKaroTCHA, TO KOHTPMNpPpUMEpP eCThb.
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[Mpumep. On4a \v4 doopmynbl A doopmyna A=A Oookasyema

B TEOpUU L.

byoet nu A=A - [Jokasyemon B G’ 7

MHaue, umeeTr nn cekBeHUUS

— (A = A) KOHTpnpumep ?
Mo npasuny A) nony4um . A— A (I_ =9 A=2 ),
a 9Ta CEeKBEeHLUUS ABMAETCA akKCMOMOW M KOHTprnpumepa He

J
NMeeT, crnenoBaTesibHO, A=A - fJokasyema B G .
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Jlemma 1 (8 Teopum L). [l V' opmyner A dopmyna A=A —teopema 8 L

(HOKCIBCImeJIbCIﬂGO.'

1) (A((A=2A)=2A)) (AHADA)) HADA))  axcuoma no A2,

oo B-A=A u CA; -
) AD((A=A)=A) akcHoMa 1o cxeme A1, ecmi B=A=4;
3) (AHADA)) HADA) Herocp. criezicTee 3 1) u 2) o MP;

4) AHAA) akcHoMa 1o cxeme A1 npu B=4;

5) A=A Hernocp. cneacTBue U3 3) U 4) o MP.



WUCYUCINEHWE CEKBEHUWWA - NPUMEP 1

Mpumep 1. lNycTb UMeeM CeKBEHLMUIO! - A= (B A)
WUcnonb3ya npaBuno a) nonyuuMm (3peckb = {J}, A={D}): A-> (B=A)
Tenepb, BHOBb UCNOMNb3yeM 3TO NpaBun g), Ho ¢ I = {A}.
B pesynbTate nonyuum: AB-A
MonyyeHHas ceKBEHLUMUA ABNSAETCA aKCMOMOW M He MMeeT KOHTprnpUMepa,
cnefoBaTefbHO, UCXOOHAaA CeKBeHUMA BbiBoauMa. OTMeTHM, uTo chopMyna
A=(B=A) sABnsetrcA TaBTONMOrMEW W BbiBOgUMa B  popManbHOM
aKCMOMaTHUYecKoW cHucTeMe - Teopuum L. OnucaHHbIA BbIBOJ CEKBEHLMM

AB—->A
A->(B=>A)
>A>(B=>A)

npeacTtaenAaloT B BUAeE crieayoLllero aepeea BblBOA4a.
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UCYUCNEHUE CEKBEHUMW - MPUMEP 2

Mpumep 2. NMycTb UMeeM CeKBEHLMIO: - (C=D)=D
Ucnonb3ya npaBuno 4) nonyunm (3gechb = {d}, A={}). C=>D->D
Tenepb ucnonb3ya npasun e}, Hoc A= {D}, nony4yum ABe CeKBeHLUW:

->C,D n D-D
Bropas cekBeHUMA ABNAETCA aKCMOMOM U HE MUMEET KOHTprNpumepa, HO nepeas
nMeeT KoHTpnpumep: C= D=/l Torga ncxogHaa cekBeHUMA He BbiBOAUMA. ITU
BbIKNnagku NpeacTaBnATCA crneaylolmm AepeBoM BbiBoaa:

->C,D D->D

C3D->D
->(C=>D)>D)

Nlerko Buaetb, 4uto copmyna (C=D)=D He sABNAETCA TaBTONOTMEN U He

BbiIBOAUMa U B q)opmaanoﬁ aKCMOMAaTMYeCKOW CUCTEME - Teopuu L.
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WCYNCNEHVE CEKBEHUWW - MPUMEP 3

Mpumep 3. NycTb UMeeM CeKBEHU U0
- ((A=B)=A)=>A
Mouck KoHTpnpuMepa (BbIBOAA) MOXHO pa3BepHYTb U B NOCNeAOBaTeNIbHOCTb
CeKBeHUUW, HO 3anuuweM B OObIYHOM ANA MUCUMCNIEHUA CeKBeHUUU BuUae,
UMEHHO, B BUfe aepeBa, Kak B pacCCMOTPEHHbIX npumMepax 1 u 2:
A—>AB
—->A,A=>B

(A>B)=>A—> 4
S(A2>B)=>4)=> 4

A—> A

3pecb 00e cekBeHuun A > AB n A - A, Haxogsawmecs B INCTbAX AepeBa,
ABNAOTCA aKCMOMaMU U He UMEKT KOHTpnpuMepoB. CnegoBatenbHo, (hopmyna
((A=B)=>A)=A aBnqeTca TaBTONIOrMEN U UCXOOHAA He UMeeT KOHTpnpuMepa, a
uMeeT BbiBoa B G,
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ANTOPUTM NMOWUCKA KOHTPNPUMEPA

MMouck KOHTpNpMMepa npeAcTaBUM B BUAe anroputMa, WUCMNonb3yrollero
npouenypbl NOUCK (search) N packpbiTUa bopmynbl (expand).

B npouenype NoUCK (search) anroputM npocMaTpuBaeT BCe JIUCTbA
CTpoAlWerocA fepeBa BbiBoAa cneBa HanpaBo. [nNA Kaxgoro InucTa, He
ABnAwllerocA aroMmapHou ¢opMyrnon, Bbi3biBaeTcA npoleaypa pacKpbiTUA
dopmynkl (expand).

Mpoueaypa expand cTpout nopgaepeBo, BbiGUpaAa noaxoasilee npaBuno
BblBOAA, 4YTOOblI WUCKMOYUTL U3 HeaTOMapHOW (hOpPMyMbl TFNaBHYK CBA3KY.
Anroput™m npogonxaetr paboTy A0 TeX NOp, MNOKa KaXAblA FUCT CTaHeT
aTomapHou hopMyrnou. llocne TOro Kak Bce JIMCTbA COCTaBleHbl U3 CeKBeHLWH
TONbKO C aTOMapHbIMK (bopMynamMn fenaeTcA 3akfioueHue: ecsu ece aucmbs
akcuombl, mo KOHmMpnpumepa Hem U ucxodHasi ceKeeHYus ebieoduma, UHaye

KOHmMpnpumep cyuiecmeyem U cekeeHyUus He ebigoduma.
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PROCEDURE SEARCH

procedure search(l” > A sequent; var T : free};

begin
let T be the one-node tree labeled with [ — A,
while not all leaves of T are finished do
To = T,
for each /eaf node of T
(in lexicographic order of tree addresses) do
if not finished({node.) then
expand(node, T)
endif
endfor
endwhile;
if all leaves are axioms
then
write (T is a proof of [ - A))
else
write (" —> Als falsifiable’)
endif
end.
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PROCEDURE EXPAND

procedure expand(node : free-address; var T : tree);
begin
let A,,...,A, = B,4,...,B, be the label of node;
let S be the one-node tree labeled with
A1,...,An - B-;,...,Bm
fori—1tomdo
if nonatomic(Ai) then
S ;= the. new free obtained from S by
applying to the descendant of A;
in every nonaxiom leaf of S
the left rule applicable to A;
endif
endfor;
foril— Itondo
if nonatomic(Bi) then
S .= the new free obtained from S
by applying to the descendant of B;
in every nonaxiom leaf of S
the right rule applicable to B;
endif
endfor;
T := dosubstitution(T,node; S}

end.
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OCHOBHAAl TEOPEMA WCHYMCNEHWA CEKBEHUMW OnA NB

Teopema 4.11 (KOPPEKTHOCTL WM MNOMHOTA WMCYMCIIEHUS CEKBEHLUK).
CekBeHUMA BbIBOAMMA TOrga M TONMbLKO TOr4a, Korga OHa He UMeet

KOHTpNpuMepa.

YeM yX TaK UHTEPECHO UCYMCneHue cekBeHUMn? Kakasi, cOOCTBEHHO
roBopf, pPasHMLUAa — WUMeTb [Aerio ¢ CEeKBeHUMAMM U C BLIBOAOM B

rMnNL0epTOBCKOM UCUUCTIEHUN?
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OCHOBHOE NPEUMYLUECTBO WCYUCNEHWA CEKBEHLUW

MpuHuMnuanobHoe pasnuuune WUcu.-funbGepta M  WUcuy.-TeHueHa B
cneayollem.

llpaBuna BbiIBOAa B MCYUCNIEHMU CEeKBEHUUMW TaKOBbl, YTO B MX
BEpPXHIOK YacTb BXOAAT TONMbKO nofdgopmMynbl hopMyn, BCTpeUYarLUXCA B
HUXKHeW 4acTU. [loaToMy B BbiBode KAaKOWU-TO CeKBEeHUUMM He MoXeT
BCTPETUTLCA HUYEro HOBOroO, Yero He 6blf10 B CAaMOW CEKBEHLUM.

B runb6epToBCKOM UCUYUCNEHUM 3TO He TaK: Mbl MOXeM BbIBECTH
cdopmyny B u3 bopmyn A = B u A, npu 3TOM A MOXeT ObITb COBEPLUEHHO
NPOU3BONbLHOU. [103TOMY NMOUCK BbIBOA4A CHU3Y BBepX AnA UCUYUCNeHuUA
CeKBeHUUA TMPOUCXOAUT CpaBHUTENIbHO OJHO3HayHO (Mbl MOXeM no-
pasHOMYy BbIOMpaTb pacuneHsemyrwo ¢opmyny, HO U TONbKO), B TO BpemsA
Kak B ruib6epToBCKOM UCUYUCTIEHUHU, HaYaB C UHTepecyroLlen Hac hopMynbl
B TpyaHoO yKa3aTb, U3 4Yero 6bl Mbl MOTNIU NONYYUTbL €e BbIBOA,.
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TEOPUUN ECTECTBEHHOIO
BbIBOOA - TEB

(HATYPAJIbHAST OELYKLUS)
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TEOPUA ECTECTBEHHOI'O BbIBOLA

3agaHbl: 1) andaeut; 2} d¢opmynbl; 3) akcuoMm HeT, 4) npaBuna
BbIBOAOB.

UcyucneHue ebicKasbigaHul ¢ eude meopuu ecmecmeeHHo20 ebieoda.
1. Cumeonbl: -, &, v, =, (, ), A4, Aa,...,
2. ®opmysnbi: nponos. ¢popmbl, obpas-bie U3 A4, A,,... ¢ oMo |, &, v, =.
3. llpasuna ebieooa:
[lpaBuna BBeAeHUA:

AB .. AB . A A

. ALB =; A}lB..B -
AéB & B&A ' avB Y Bva > AL

A=B 1A

[paBuna Uckn4veHuaA ( yaaneHus ).

Aé&B Aé&B

S, & "5 & ALCBICAVBY; A - AASB

B

C A




TEOPUA ECTECTBEHHOIO BbIBOOA

3agaHbl: 1) andaBut; 2} ¢dopmynbl; 3) akcuoM HeT, 4} npaBuna
BbIBOAOB.

Ucuucnerue ebicKasbieaHull e eude meopuu ecmecmeeHH020 ebieoda.
1. Cumeonnt: | &, v, =, (, ), Ay, Ay,...,
2. ®opmynbi: nponos. GopmMbl, 06pas-bie U3 A4, A,,... ¢ TOMOWLIO | &, v, =.
3. [Ipaeuna ebieoda.
[lpaBuna BBegeHUA:

A.B &; A.B &; A V; A v; AlB =; A|B.IB 1
Aé&B B&A AvB BvA
A=B 1A
[paBuUna uckno4eHus ( yaaneHus ).
# 8: % & AFCBFCAvBv; 1A 1 A’AB:’B >

C A




AOKASATEINLCTBO B TEB

I (Av B&C ) = (Av B)&(Av C)

BBeJeHne =

(AVB&C)|(AVB)&AYV

C)
ﬁme \V4 voarieHme v
A | (AvB)&(AVC) B&C | (AvB)&(AvC)

AlFAvB A }lAvC B&C | AvB B&C | AvC

t t

BBegjeHme v BBeoeHmne v /BBe,D,eHMG LV [BBeﬂ,eHMG Vv

B&C | B B&C | C

/

yoaneHve & yoaneHve &




CPABHEHVME TEB C WCYUCNEHVEM CEKBEHUWMW

HatypanbHasa peaykumsa (Teopusi eCTeCTBEHHOro BbIBOAA) MOXOXaA |

WCUYUCIEHWEe CEeKBEHLMK, HO eCTb cywjeCtBeHHOe pa3nuyue.

B HaTypanbHOW AeAyKUWMM eCTb MpaBuUna BBEAEHWSA U UCKMIOYEHUS, a

WCUYUCNIEHUMN CEKBEHLIUWN TOMbKO npasuna UCKNKYeHUA.

MoaTomMy HaTypanbHas AeAyKUMA MeHee yaoOHa AnA aBTOMaTU3aLl
0OKa3aTenbCTB, MO0 34ecCb pacCyXaeHusl, XOTA U eCTEeCTBEHHbl A

paccyXaeHumn, HO MeHee YHUPULMPOBaHbI.
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