Integration by parts

*This is the name given to the
process of integration which
uses the differentiation product
rule backwards



Integration by parts

e Reminder Productruleis;

o dv du
derivative of Uy =Y — + v —
dx dx
It follows then that J‘ uﬂ+v@ —yv+c
dx dx
Which can be written I 1 @ 4+ V@ —yv+c
dx dx

J‘ du J‘ dv
S0 v—=uv— | u—+c
dx dx



Integration by parts

du dv
j V—=Uv — Ju FC
dx dx
If we can use substitutions to express
our integral as: _[ du

... we can perform more complex integration
of stuff like by letting v equal the least complex function

jx cos3xdx and jxe4xdx



Integration by parts

e Example Ix cos 3xdx

 Let v=x and @ZCOS3X

dx

Formula: V—=Uuv—\u—+2¢€

dx dx
We need to know u and 4/ "

1 dv

u =—sin 3x — =1
3 dx

The J‘ du J‘ dv




Integration by parts

du dv
Jv—:uv—ju—+c
dx dx
@:COS%C uzlsin3x V=X ﬂ:l
dx 3 dx

o 1 . 1 .
Substitute in j XCOS3x = gx S 3x — j gsm 3xdx

Leads to 1 1
jxcos3x =—xsin 3x+—cos3x+c
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Integration by parts JV@:W_ L
dx dx
. 4x .
* Find jxe byd%tegratlon by parts.
+ Usev=xand “7 that gives y=—e ﬂzl
dx dx

jxe4xdx = lxe4x —jle“

4

| |
Ixe4xdx = —xe4x ——e4x




Why not “by substitution” ?
j xetr dx

I[fu=e* thendu/dx =4 e*
then dx = du/(4 ™)

We du 1 ¢ xu
e = du
o o B =25

= : Mo, = 1 j xyy GETTING NOWHERE
4

47 uy




Integration by parts of Inx

* Example jln Ydx

* |[nx is difficult to integrate so consider the
function as 1lnx and use by parts.

* Let v=Inx and du _,
dx

*So dv ahd u=x

dcx x



Integration by parts of Inx
du dv
Jv—:uv—ju—+c

dx dx
v = Inx ég_l gﬁz_ u=x
dx dx X
o 1
ubstitute 1in J]n X =)C11’1 X _Ix_dx
X

Leads to

jlnx=x]nx—x+c



Integration by parts of arcsinx

* The same method for integrating Inx can be
used to integrate arcsinx.
* Sov=arcsinxand du _,
dx

e Therefore %_ 1  andu=x
dx 1—x°

e Substitute in:

. . X
j arcsin x =x arcsin x j \/ : dx
l—x



Integration by parts of arcsinx

) L . X
Now use substitution to integrate j‘ \/ 2 dx
1 —x

e letm=1-x?s0dm = -2xdx
* So

x dm

X —1p 1
I\/l—xzdx:jﬂ—zxz 2 J‘\/%dm
:—M+c:—\/1—x2 +c




Integration by parts of arcsinx

* So

. . X
j arcsin x =x arcsin x j \/ - dx
l—x

* Becomes

jarcsin X =x arcsin x——\/l—x2 +c

=xar<:sinx+\/1—x2 +C



Integration by parts of e*cosx

* This involves some algebraic manipulation
since the second integral does not resolve into
an easily integratable function.

* Letv=e"and du _
— =COSX

dx

* Therefore dv_ . andu =sinx
dx

* So: . . .
je cos xdx =e" sin x—Je s xdx [1]



Integration by parts of e*cosx

* Integrating by parts again for e*sinx we get:

Jex sinh xdx=—e" cosx+jex COS xdx

* Rearranging:

jex cos xdx =e  cosx+ jex s xdx [2]



Integration by parts of e*cosx

* Adding equations [1] and [2] we get:
2_[ e’ CoSxdx =

e'snx+e’ cosx—jex sin x+Jex sin xdx
* Hence

|
Jex COS xdx:aex(sm X+c0sx)+c



