Cross Sections

 Definition of Cross Section
— Why its useful.

* Breit-Wigner Resonances
 Rutherford Scattering
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Cross-Sections

e Why concept is important

— Learn about dynamics of interaction and/or
constituents (cf Feynman’s watches).

— Needed for practical calculations.
 Experimental Definition
* How to calculate ¢

— Fermi Golden Rule

— Breit-Wigner Resonances
— QM calculation of Rutherford Scattering
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Definition of ¢
e a+bl X
 Effective area for reaction to occur is o

N_(0) particles type a/unit time hit

target b
N atoms b/unit volume
Beam a Number /unit area= N,_ dx
N : Probability interaction = ¢ N _dx

a dN =-N_N, dxo
N_(x)=N_(0) exp(-x/2) ; 2=1/(N_ o)

dx
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Reaction Rates
* N beam particles/unit volume, speed v
* Flux F=N_v
e Rate/target b atom R=F¢
* Thin target x<<i: R=(N,") F ¢™"

* This is total cross section. Can also define
differential cross sections, as a function of
reaction product, energy, transverse
momentum, angle etc.

- dR(a+blIc+d)/dE=(N.T) F de(a+b(Ic+d)/dE
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Breit-Wigner Line Shape

o Start with NR Schrodinger equation:

5 ® .
i d—‘i’ =Hy ;y(t)= Ya,(t)exp(iE t/D)p,
n=0

ild, exp(—iE,t/X) @, +a E, exp(—iEt/N) @, =>a Hexp(—iE t/1) @,
X by ¢* and integratej ¢m*¢nd31’ =0, 3 H, = I¢m*H¢nd3r
ild exp(—iE t/N) +a E, exp(—iE t/l)= ZamHmn exp(—iE t/I)

Start in state m [ exponential decay  a__(t) = exp(—I't/2[)
a,, (1) = exp(-T't/il)
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Breit-Wigner Line Shape - 2

N8 =H,_ . exp{—i(E, —E_)-T/2]t/0}

t
ila_(t)=[dt H_, exp[-i(E, —E_)—-T/2]t/[
0

— . _t
2 ()= H_, exp[-i(E, —E_)-I/2]t/i
| —i(E, —-E_)-T/2 1y
For t>>N/T
ag(t)=-———mn

i(E, —E,_)+TI/2
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Breit-Wigner Line Shape -3

Hy, [

(E, -E )Y +I%/4

‘an (t)’2 =

2
2y (07 = 7 Hypy [ P(Ey, ~E,)

Normalised Breit-Wigner line shape

I 1
2
27 (Em _En)2 +F4

Q: where have you seen this shape before?

P(E, —Ey)=

We will see this many times in NP and PP.
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Breit-Wigner Resonance

* Important in atomic,
nuclear and particle :zan-
physics.

* Uncertainty
relationship

AE At ~ T

e Determine lifetimes
of states from width.

e 7 ~N /T, T=FWHM;
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Fermi Golden Rule

e Want to be able to calculate reaction
rates in terms of matrix elements of H.

e Warning: We will use this many times
to calculate ¢ but derivation not
required for exams, given here for
completeness.
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Discrete [ Continuum

 Decays to a channel i (range of states n).

Density of states n.(E). Assume narrow
resonance

P, =" HH10| n;(E)P(E-E,)dE

=?|Hio| n;(Eq)

I; I
P; = Fl 5 RTotal = ﬁ s Rij = P; Rygtal
— ri
A

_271:
N

i

H;o|*n;(Eq)
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Cross Section

* Breit Wigner cross section.
e Definition of ¢ and flux F:

R=Fo
w =V 2 exp(ik.r)

F = V_lv
\Y
2r)’

n(k) = 47k

2
=(M—k) . dE=MV n(E) =

E ;5 —
2m dk
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Brelt-ngner Cross Section
R=la, ()} = ‘H‘”‘ 3
’ (E;—Eg)? +T?%/4 0

Li(E)=27 |H10‘2H(E)

1 1 F(El)rf
" 27 n(E) (E, —E,)? +T2/4

e Combine rate, flux & density states [

o (\Vf)((zfzfmv} 1 L (e

Vank? )27l (E,-Ey)>+I?*/4
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Breit-Wigner Cross Section
2 LI

1

K2 (E,-E,)}+T2/4
1 0

o)

0 1.0 2.0
Kinetic energy in centre-of-mass system (MeV)
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Low Energy Resonances

e n + Cd total cross
section.

e Cross section
scales ¢ ~ 1/E'? at
low E.

e B-W: 1/k? and
I'~n(E)~k

10000

1000

Oy (barns)

100 £

0.01 0.1 1.0
E (eV)
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Rutherford Scattering 1

2
V(r)=Z1Z2a ; A= ¢ M=c=1
r 4rgylic

Al A
y, =V 12 exp(iki.?) s Y=V 12 exp(ikf.lm) q=k; — k¢

\/

X I
H; =V ![exp(ik; r)( ZlZZa) exp(—ik; .i&)d3 r
r

= V17,7,a] Py,
r

Hg

1

exp(iqrcosf) »

Hy =V 'Z,2,270 | r°dr dcos9

r
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Rutherford Scattering 2

Hy = V17,7, 27a [PV )._ e;‘p(_ ar) 24,
iqr

xV(r);exp(—r/a)a— o

H, = =y Z2,2,2ma J'exp(—l/a +iq)r —exp(—1/a—iq)rdr
iq

- _V_1Z1Z227ra_ 1 1

fi iq |-1/a+iq —-1/a—iq
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Rutherford Scattering 3

_ 27 n
e Fermi Golden Rule: R=—\Hﬁ’2—
0 dE;
d—n=4np2VdQ ;dn=dndp ;d_p=1/V

dp h4r 'dE dpdE 'dE
pV
v(27)

c=R/F ; F=Vly

n(E) = —dQ ;(h=2ni =27)

p’v Vv
v(2m)d v

2
Z1Z2 4o
qu

do 4p’(Z,Z,a)
dQ) v2q4
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Rutherford Scattering 4

o2 = (p:=py)? = 2p2(1-cos9) = 4p?sin%(9/2)
b 9

do  (Z,Z,a)’
dQ 4p*v’sin*(8/2)

Compare with experimental data at low
energy

Q: what changes at high energy ?
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dN/dcos0

10°

102

10

Low Energy Experiment

e Scattering of « on Au & Ag (| agree with calculation
assuming point nucleus

=

=

& I T
o

+

N\

w
-\
N\,

AN

——
Yo

0.001

: Sin%(0/2)

sin*6/2
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Higher Energy

e Deviation from

Rutherford

scattering at higher
energy [ determine
charge distribution

in the nucleus.

e Form factors is F.T.

of charge
distribution.

Electron - Gold

do/dQ2 (fm)?/steradian

126 MeV

183 MeV
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