Effective Mathematics Instruction:

The Role of Mathematical Tasks*
e

*Based on research that undergirds the cases
found in Implementing Standards-Based
Mathematics Instruction (Stein, Smith,

Henningsen, & Silver, 2000).



DPpPeKTUBHOE PETIOAABAHUE
MATEMATUKU:

PoAp MaremaTuueckux 3asau™

-Ha ocHOBaHWKM nccnepoBaHnn, KOTopsble
ABNIAOTCA PYHAAMEHTOM BHeApeHUs
CTaHAApPTOB NpenogaBaHUAa MaTeMaTUKU
(LUTanH, CMnUT, XeHHuHrceH, n Cnnbseep,
2000).



Why Instructional Tasks are
Important




NMoueMy BaXHbl yyebHble
3ajaum




Comparing Two Mathematical Tasks

- Martha’s Carpeting Task
- The Fencing Task




CpaBHenue AByx Maremaruueckux
32AAY

- 3apa4va npo KoBpoBoe noKkpbITHE
MapThl

- 3apaada npo OrpaxkpeHue




Martha’s Carpeting Task

Martha was recarpeting her bedroom,
which was 15 feet long and 10 feet
wide. How many square feet of
carpeting will she need to purchase?




3aaaga Ipo KoBpoBoe MOKpBITHE

Maprer

MapTa 3aHOBO MNOKpbiBaJla KOBPOM
CBOIO cnajnbHiO, B 15 doyTOoB ANTMHON U
10 dpyToB WMpmnHON. CKONbKO KB.
(yTOB KOBPOBOI0 MOKPbITUA
Heob6xoanMo npunobpecTtn?




The Fencing Task

1 Ms. Brown’s class will raise rabbits for
their spring science fair. They have 24
feet of fencing with which to build a
rectangular rabbit pen to keep the rabbits.

= If Ms. Brown’s students want their rabbits to
have as much room as possible, how long
would each of the sides of the pen be?

= How long would each of the sides of the pen be
if they had only 16 feet of fencing?

= How would you go about determining the pen
with the most room for any amount of fencing?
Organize your work so that someone else who
reads it will understand it.




Jasava 11po OrpakAcHUE

0 Knacc N-xun bpayH 6yaeT BbipaliMBaTb KPOJIMKOB ANA BECEHHEWN
Hay4HOW BbICTaBKWU. Y HUX byaet 24 dyTta orpa>aeHmim ¢ nomMoLlbro
KOTOPbIX OHM CMOTYT MOCTPOUTb MPSAMOYIrOJibHbIM KPOJSIbHaTHUK,
AN coaepXaHus 3TUX KPOJIMKOB.

= ECnu yyeHunku r-kxm bpayH XoTaT 4TO0bbl Y KPONMKOB OblNa
CaMbl NPOCTOPHbIN 3aroH, Kakon A/IMHbI A0/TXXKHA ObITb KaXkaas
N3 CTOPOH OrpaxneHuna?

=« Kakon anuHbl 6bi1a 6bl Kaxgas CTOpoOHa 3aroHa, ecnu 6bl y HUX
6b1/10 BCero 16 gytoB orpaxaeHuna?

= Kak 6bl Bbl onpeaensanun orpaxgeHue KoMHaTtbl C 11060u
BE/IMYMHOWN orpaxaeHusa? OpraHnsymte CBOM pacyeTbl TaKNUM
obpa3om, 4Tobbl BCe KTO CMOrr 6bl C HUMM O3HAKOMUTbLCH,
CMOI/IN UX MOHSATD.




Comparing Two Mathematical Tasks

1 Think privately about how you would
go about solving each task (solve
them if you have time)

1 Talk with you neighbor about how you
did or could solve the task

=Martha’s Carpeting
«The Fencing Task




CpaBHenune AByx Maremaruueckux 3asad

1 CaMocTodaTeNbHO NoagyManTe O TOM Kak
6bl Bbl pelwanu Kaxayr 3agadvy
(pewunTe nx ecan y Bac ectb BpemMs)

1 [loroBopuTe C BawMM CcoCenOoM KakK Bbl
DELLUIN NN KaK 6bl Bbl MOT/IN PELLUNTDb
3a4a4y

«3a4a4y npo KoBpoBoe nokpbiTnue MapThl
=3a4a4y npo OrpaxxaeHue




Solution Strategies:
Martha’s Carpeting Task




Crparerun Penrenns:
3asaga opo Kosposoe nmokperrue Mapro




Martha’s Carpeting Task

Using the Area Formula
A=Ixw
A=15x10

A = 150 square feet




3aaaua npo KoBpoBoe nmokpberrue Maprbl
Hcnoap3oBaHne (pOpMyAbI U3MEPEHUA ITAOMIAAH

A = ANVHA X WUPUHY
A=15x10
A = 150 kB.pyTOB




Martha’s Carpeting Task
Drawing a Picture




3asaua npo KoBpoBoe nnokpbsrrue Maprthl
HM300pakeHne puCyHKa




Solution Strategies: The Fencing Task




Crparernu perreHui: 3asada Ipo
OrpaxxAacHHE




The Fencing Task

Diagrams on Grid Paper

Are
ruas

|Area=35f|5

~ |Area= | |
352 | |7




Jasaga 1po OrpakacHue
AunarpaMMbl HA MUAAMMETPOBOU Oymare

D

|
LI HEER
|Area=35ft5




The Fencing Task

Using a Table
Length Width Perimeter Area
1 11 24 11
2 10 24 20
3 9 24 27
4 8 24 32
5 7 24 35
6 6 24 36
7 5 24 35




3apaua mpo OrparkaeHue

N cnmoAb30BaHME TAOAUIIBI

OnvHa LLUnpunHa [lepnmeTp [Thowanb
1 11 24 11
2 10 24 20
3 9 24 27
4 8 24 32
5 7 24 35
6 6 24 36
7 5 24 35




The Fencing Task
Graph of Length and Area




3apaua mpo OrparkaeHue
I'padoux Aaunsbl u I1aomaan




Comparing Two Mathematical Tasks

How are Martha’s Carpeting Task and
the Fencing Task the same and how
are they different?




CpaBHenue AByx MaremaTuueckux
3aArau

B yueM cxoACcTBO U pasnnyme 3agad npo
KoBpoBoe noKpbiITe MapTbl U 3agauu
npo OrpaxxpeHune?




Similarities and Differences

Similarities
01 Both are “area”
problems

1 Both require prior
knowledge of area

Differences

1

The amount of
thinking and reasoning
required

The number of ways
the problem can be
solved

Way in which the area
formula is used

The need to generalize

The range of ways to
enter the problem



CxoacrBa u PasAanuus

CxoAacTBa Pasnnyus
1 O6e 3a1auu 1 Bpems Heobxoaumoe
CBA3AHB| C Ha pa3MbILWJIEHUS
1 KonmnyecTtBo crnocob6oB
«nnowaabko>» pPELLEHNA 3a[4a4M
1 Cnocob
" 063 Tpe6VIoT MCMNO/1b30BaHNS
peoy (dopMynbl BblYNCNEHUS
npeaBapuUTenbHOro naoLaam
3HAHWA naoLwaaun 1 HeobxognMocCTb

Ae€s1aTb BblBOAbI

01 Nyt peweHund
npob6nembl




AVAALLIVI1IALLIULU AL A AOIND.
A Critical Starting Point for Instruction

Not all tasks are created equal, and

different tasks will provoke
different levels and kinds of student

thinking.

Stein, Smith, Henningsen, & Silver, 2000




MareMmarTuuyecKue 3aAAUYN;
Kpurtnueckas oTripaBHasA TOUKA

— 0O BACHEeHIA

He BCe 3a4a4um co3aaHbl OAMHAKOBO, U
pa3Hble 3agayvn 6yayr npoby)xaartb
pa3J/inyHbie YPOBHU U BUADI
MbILUJIEHNS] Y4EHUKOB.

LLUTanH, CMuUT, XeHHuHrceH, n Cunosep, 2000).




V1AatnermmatiCcal 1aSkKs.

The level and kind of thinking in which

students engage determines what they
will learn.

Hiebert, Carpenter, Fennema, Fuson, Wearne, Murray, Oliver, &
Human, 1997




V1AatnermmatiCcal 1aSkKs.

YpoBeHb U BWA MbIUIEHNS KOTOpblE
3a/1ENCTBYIO0 YYEHUKWN onpeaendtoT To,
4YTO OHW Bbly4ar.

'mbepTt, KapnuHTtep, ®eHHema, Pbto30H, BapHe, Mioppen, Onueep, &
XblOMaH, 1997




Mathematical Tasks:

There is no decision that teachers
make that has a greater impact, on
students’ opportunities to learn and on
their perceptions about what
mathematics is, than the selection or
creation of the tasks with which the
teacher engages students in studying
mathematics.

Lappan & Briars, 1995




MaTteMaTHYECKHE 3AAAYM:

HeT 6onee MCKYCHOIO pelleHuns,
NO3BONAOWEro  Y4YMTEeN  NOBAUSATb  Ha
CMOCOBHOCTU YYEHUKOB YUUTBCA M HaA WX
BOCMPUATME O MaTeMaTUKn, 4YeM BblI6Op UK
co3faHue 3adayd, C MOMOWbK  KOTOPbIX
yunTesnb BOBJIEKAET YUYEHUKOB B WU3YYEHUE

MadTEMATUKMN.
JIannaH & bpuapc, 1995




Mathematical Tasks:

If we want students to develop the
capacity to think, reason, and problem
solve then we need to start with
high-level, cognitively complex tasks.

Stein & Lane, 1996




MareMaTudeCKHue 3aAAUH:

Ecnim ™Mbl XOTUM, 4TOOblI CTyAEHTb
pa3BuBasiIn  CNOCOOHOCTb  MbIC/IUTD,
Pa3MbIWIATL U pewaTtb npobsieMbl, TO
Mbl AOJ/IKHbl HAyaTb CO C/OXHbIX OS5
NOHMMAHWNSA 3a/a4 BbICOKOIO YpPOBHSA.

LLITanH & JlenH, 1996




Levels of Cognitive Demand &

The Mathematical Tasks
Framework




YpoBHM Nlo3HaBaTeNIbHOIO
MHTepeca n PaMKu
MaTeMaTnyeckux 3apau




Linking to Research:
The QUASAR Project

0 Low-Level Tasks

1 High-Level Tasks




CBsA3b C ICCAEAOBAHUEM:

IIpoexTr KBA3SAP

1 3agayn HM3Koro ypoBHS

1 3aAayn BbICOKOro ypoBHS




Linking to Research:
The QUASAR Project

1 Low-Level Tasks
= memorization
= procedures without connections to meaning

1 High-Level Tasks
= procedures with connections to meaning
= doing mathematics




CBA3b C ICCAEAOBAHUEM:

IIpoexr KBA3AP

1 3aaayn HMU3KOro ypoBHS

= 3aNOMUHAHMe
= MeToaAMKMN 6e3 CBA3M CO 3HAUYEeHUNEeM

1 3aAdayun BbICOKOro ypoBHS
= MEeTOAMKU CBA3UN CO 3HAYEHUEM
= 3aHATME MAaTeMaTUKOU



Linking to Research:
The QUASAR Project

1 3aaayn HMU3KOro ypoBHS

m 3dlIOMUHaAHWNE

= MeTtoaunkun 6e3 CBA3M CO 3HAYEeHUEM
m (H/p, 3agayda npo KoBpoBoe nokpbiTe MapThl)

1 3aAayun BbICOKOro ypoBHS
m METOAUKUN CBA3UN CO 3HAYEHUNEM

= 3aHATUE MAaTEMATUKOWM (H/p, 3anaua npo
OrpaxaeHue)




CBA3b C ICCAEAOBAHUEM:

IIpoexr KBA3AP

0 Low-Level Tasks
= Mmemorization

= procedures without connections to meaning
(e.g., Martha's Carpeting Task)

1 High-Level Tasks
= procedures with connections to meaning
= doing mathematics (e.g., The Fencing Task)




The Mathematical Tasks Framework

TASKS TASKS TASKS

as they — (as setup by | | as >

appear in the teachers implemented

curricular/ by students

instructional

materials Student
Learning

Stein, Smith, Henningsen, & Silver, 2000, p. 4




Pamxku Maremarnueckux 3aAa4

3AO0AHN 3AO0AHN 3AO0AYU
KaK OHU - | Kak - | Kak
npencraBreH 00 BACHAITC BbINONMHAKOTC
bl B y4eOHOM A1 yuutenem A YYeHUKamMun
maTtepuane

(LUTanH, CMuTt, XeHHuHrceH, n Cunosep, 2000).,
cTp. 4




The Mathematical Tasks Framework

TASKS TASKS TASKS

as they —» | as set up by | | aS -
appear in the teachers implemented
curricular/ by students
instructional

materials

Student
Learning

Stein, Smith, Henningsen, & Silver, 2000, p. 4




Pamku MareMmaTuuyeCKUX 3aAa4

3AOAYNU 3A0AYU 3AOAYU
KaK OHU - | Kak - | Kak
npencraBreH 00 BACHAITC BbINONMHAKOTC
bl B y4eOHOM A1 yuutenem A YYeHUKamMun
maTtepuane

(LUTanH, CMuTt, XeHHuHrceH, n Cunosep, 2000).,
cTp. 4




The Mathematical Tasks Framework

TASKS TASKS TASKS

as they — (as setup by | | as 5>
appear in the teachers implemented
curricular/ by students
instructional

materials

Student
Learning

Stein, Smith, Henningsen, & Silver, 2000, p. 4




Pamku MareMmaTuuyeCKUX 3aAa4

3AO0AHN 3AO0AHN 3AO0AYU
KaK OHU - | Kak - | Kak
npencraBreH 00 BACHANTC BbINONMHAKOTC
bl B y4eOHOM 1 yuutenem A YYeHUKamMun
maTtepuane

(LUTanH, CMuTt, XeHHuHrceH, n Cunosep, 2000).,
cTp. 4




The Mathematical Tasks Framework

TASKS TASKS TASKS

as they —» | as set up by - | @S >
appear in the teachers implemented
curricular/ by students
instructional

materials

Student
Learning

Stein, Smith, Henningsen, & Silver, 2000, p. 4




Pamku MareMmaTuuyeCKUX 3aAa4

3A0AYN 3A0AYN 3A0AYUYN
KaK OHU —-» | Kak —» | Kak
npeacTaBreH OO BACHAKTC BbIMOJTHAOTC
bl B y4eOHOM A1 yuutenem A1 yYYeHnKamu
mMaTepuane

(LUTanH, CMuTt, XeHHuHrceH, n Cunosep, 2000).,
cTp. 4




The Mathematical Tasks Framework

TASKS TASKS TASKS

as thGY_ _p |assetupby |_g |as >
appear in the teachers implemented
curricular/ by students

instructional
materials

Student
Learning

Stein, Smith, Henningsen, & Silver, 2000, p. 4




Pamxku Maremarnueckux 3aAa4

3AO0AHN 3AO0AHN 3AO0AYU
KaK OHU - | Kak - | Kak
npencraBreH 00 BACHAITC BbINONMHAKOTC
bl B y4eOHOM A1 yuutenem A YYeHUKamMun
maTtepuane

(LUTanH, CMuTt, XeHHuHrceH, n Cunosep, 2000).,
cTp. 4




Cognitive Demands at Set Up

Stein, Grover, & Henningsen, 1996




Ilopaaok IlosHaBaTeAbHOM

IIOTPEOHOCTH

LLITanH, N'poBep, & XeHHUHrceH, 1996




L ACLULD AddUL1dlCU Willl UIC 1viallilClliallCC alll

of High-Level Cognitive Demands

Routinizing problematic aspects of
the task

Shifting the emphasis from
meaning, concepts, or
understanding to the correctness
or completeness of the answer

Providing insufficient time to
wrestle with the demanding
aspects of the task or so much
time that students drift into
off-task behavior

Engaging in high-level cognitive
activities is prevented due to
classroom management problems

Selecting a task that is
inappropriate for a given group of
students

Failing to hold students
accountable for high-level products
or processes

Stein, Grover & Henningsen, 1996



\L’aK'I'UPbl, CbhAaoAdlrlblC O .I..I.UAACPZ[(HHMCM m
OT IIO3HABATEABHBIX TPEOOBAHUMN
BBICOKOT'O YPOBHA

0 YnpouweHue npobnemMHbIX acnekToB
3a4a4u

0 CMelweHue akLueHTa Co 3Ha4YeHus,
KOHUENUM1, nam noHMMaHuns K
NpaBUJIbHOCTN N NOJIHOTE OTBETA

1 Obecne4yeHne HeQOCTATOYHOIO
BpeMeHUn ansa 6opbbbl € TpebyembiMu
acnekTamm 3agayvn uUam Takoro
Kon4ecTBa BpeMeHUu, YTobbl CTyAEHTbI
BbILLIX 3@ Npeaenbl 3aga4n

0 Y4yacTuio B No3HABAaTeIbHOM
NeaTeNbHOCTM BbICOKOIO YPOBHS
MeLwlatoT npobnemMbl ynpaBieHus
K/1laCCoM

0 Bblbop 3agaun, HenpueMmsieMon Ans
AAHHOM rpynnbl CTYAEHTOB

0 HeymeHune Bo3naraTtb Ha YYEeHUKOB
OTBETCTBEHHOCTb 3a NPOAYKTbI U
NpoLecChl BbICOKOrO YPOBHHA LUTanH, 'poBep & XeHHUHrceH, 1996




L ACLULD AddULldicCcU Wwilll uiC allll

Decline of High-Level Cognitive Demands

Stein, Grover & Henningsen, 1996

Scaffolding of student thinking
and reasoning

Providing a means by which
students can monitor their own
progress

Modeling of high-level
performance by teacher or
capable students

Pressing for justifications,
explanations, and/or meaning
through questioning, comments,
and/or feedback

Selecting tasks that build on
students’ prior knowledge

Drawing frequent conceptual
connections

Providing sufficient time to
explore



OTKAOHEHHEM OT IT03HABATEABHBIX TPEOOBAHUM
BBICOKOI'O YPOBHA

LLITanH, TpoBep& XeHHUHrceH, 1996

HanonHeHne yyeHn4ecKoro
MbILLUNEHUA U pacCcyXaeHud

ObecneyeHne cpeacTs, C NOMOLLbIO
KOTOPbIX CTYAEHTbI MOTYyT
OTCNeXmnBaTb CBOW nporpecc

MoaennpoBaHue BbICOKOIO YPOBHS
pe3ynbTaTUBHOCTU YUYUTENEM UN
CMOCO6HbLIMU YYEeHUKaMm

AKTYanbHOCTb 06BbACHEHUN, U / nnu,
3Ha4YeHuns Yyepes3 BOMnpochl,
KOMMeHTapum n / nnm obpaTHyto
CBS3b

Bbibop 3agay, KOoTOpble
OCHOBbIBAKOTCS Ha NpeabliayLwmx
3HAHUAX YYEHUKOB

[Tony4yeHune yacTblX
KOHLEeNTyasibHbIX CBA3eMN

ObecneyeHne A4OCTATOYHOIO
BPEMEHN A1 N3YYEHUS



Factors Associated with the Maintenance and
Decline of High-Level Cognitive Demands

Decline

Maintenance

Routinizing problematic aspects of
the task

Shifting the emphasis from
meaning, concepts, or
understanding to the correctness
or completeness of the answer

Providing insufficient time to
wrestle with the demanding
aspects of the task or so much
time that students drift into
off-task behavior

Engaging in high-level cognitive
activities is prevented due to
classroom management problems

Selecting a task that is
inappropriate for a given group of
students

Failing to hold students

accountable for high-level products

Or processes

Scaffolding of student thinking
and reasoning

Providing a means by which
students can monitor their own
progress

Modeling of high-level
performance by teacher or
capable students

Pressing for justifications,
explanations, and/or meaning
through questioning, comments,
and/or feedback

Selecting tasks that build on
students’ prior knowledge

Drawing frequent conceptual
connections

Providing sufficient time to
explore



OTKAOHEHHEM OT ITO3HABATEABHBIX TPEOOBAHUM
BBICOKOI'O YPOBHs

OT1KAOHEHUE

IToaaepoxanue

YnpolueHne npobsieMHbIX acrnekToB
3a4a4u

CMelleHune aKkLueHTa Co 3HavyeHud,
KOHLUENuUWUn, nam noHMMaHms K
NpaBUJIbHOCTN N NOJIHOTE OTBETA

ObecneyeHne HeAOCTATOYHOIO

BpeMeHUn ansa 6opbbbl € TpebyembiMu

daCrneKktTamm sagaydm mnjinm Takoro

KOo/1InyectBa BpEMEHMHU, YyTObbI CTYAEHTDbI

BbILLUJIN 3a npeaesbl 3a4a44u

YyacTuio B No3HaBaTENbHOMN
NeaTeNbHOCTM BbICOKOIO YPOBHS
MeLwlatoT npobnemMbl ynpaBieHus
K/1laCCoM

Bbibop 3aaa4un, HenpmneMneMmomn ans
[AHHOW rpynnbl CTYAEHTOB

HeyMeHue Bo3naraTb Ha yYYEHMKOB
OTBETCTBEHHOCTb 3a NPOAYKTbI U
NPOLECChl BbICOKOTO YPOBHS

HanonHeHne yyeHn4ecKoro
MbILLUNEHUA U pacCcyXaeHud

ObecneyeHne cpeacTs, C NOMOLLbIO
KOTOPbIX CTYAEHTbI MOTYyT
OTCNeXmnBaTb CBOW nporpecc

MoaennpoBaHue BbICOKOIO YPOBHS
pe3ynbTaTUBHOCTU YUYUTENEM UN
CMOCO6HbLIMU YYEeHUKaMm

AKTYanbHOCTb 06BbACHEHUN, U / nnu,
3Ha4YeHuns Yyepes3 BOMnpochl,
KOMMeHTapum n / nnm obpaTHyto
CBS3b

Bbibop 3agay, KOoTOpble
OCHOBbIBAKOTCS Ha NpeabliayLwmx
3HAHUAX YYEHUKOB

[Tony4yeHune yacTblX
KOHLEeNTyasibHbIX CBA3eMN

ObecneyeHne A4OCTATOYHOIO
BPEMEHN A1 N3YYEHUS



Does Maintaining
Cognitive Demand
Matter?

YES




HNMeeT AU 3HAUEHUE
IIOAAEPIKAHUE
II03HABATEABHOI'O MHTEpEca?

LA




Patterns of Set up, Implementation,
and Student Learning

Task Set Up Task Implementation  Student Learning

: _> _,k
” _> _,‘
§ _> _> ‘

Stein & Lane, 1996



IIpumepnl HOCTAHOBKU 3aAa4YM, BHIITOAHEHUA
3apaun 1 OO0yueHnA yueHUKA

[NocTaHoBka BbinonHeHne 3agaun  Oby4yeHune

Ia‘-ll/l

l
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l
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A.
B.
C.

l
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LtanH & JlenH, 1996




