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1. Introduction
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Linear and Non-linear Regressions

Linear Non Linear
Formula f=a,p,(x)+0 + (x) any, f (a,x
Example f 7:614;((&] Zg)'g)U T %ny}éM('x )
Source Soft Hard
Choice Easy ? o Difficultg
omensin ClOSE Pelatives?
Multicollinearity Excess of parameters Lack of data
Interpretation Well-known Uncommon
Purpose Interpolation Extrapolation
Soft Tools Many Few
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2. Thermo Gravimetric Analysis Example

Object PVC Cable Isolation

. Lets.see..
it

Experiment Thermo Gravimetric Method

Tool Non-Linear Regression and Fitter
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TGA Experiment and Data

TGA Experiment TGA Data
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TGA Example Variables

Measured Estimated
Response Intermediate
y=m/m, Change in mass Sm g‘l 'Plasticizer concentration
Predictors rameters
t Time O Initial value of y

Y
Zé Evaporation rate constant

Activation energy

Co Initial concentration s '

v Heating rate

T, Initial temp r'o b | e m!

F Sample spe¢fic surface

: r_S_ 2R
Sample specific surface /7=y, = 07 ,
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Plasticizer Evaporation Model

Evaporation Law cZ =—kC, y(0)=y,

e DIffUsionis
not relzx@g

The Arrhenius law

I=T,+vt
Temperature growth

08/12/2023 g



Fitter Worksheet for TGA Example

A B C D E F G H | J K L M O
1
pata
sl [vlTol c | F | ¢ y f | Left
4| | 3373 0.3| 24| o0.00] 1.000] 1.001] 1.001 S50 e
5| | 3|373| 0.3| 2.4 ‘d‘_ mmalsmnsl 901
6| | 3|1373| 03| 24| | Y =_kC, y(0)=y, P00
2| | 3|373| 0.3| 24| | dt )00
s| | 3|373| 0.3| 2.4 1-C )00
o| | 3/373| 03| 24| | C=1——20 =d
0| | 3/373| 0.3| 24 y :
1| | 3|373| 0.3| 2.4 E yO0=?
12| | 3|373| 0.3| 2.4 k=F CXp ko ——] 20,/ k0=?
sl | 3/373| 0.3] 2.4 RT') oo E=?
14
w| | 0]293| 04| 2|| {70 )15
16| | 0|1293| 0.4 2| 9ocvou vortTuv.o44| |Name Initial Final Deviation
7| | 01293| 04| 2| 8E+06 0.821| 0.788 1| 1.00088| 0.0002
8l | 01293| 04| 2| 1E+07 0.781| 0.746 10| 13.9964| 0.24016
| | 01293| 04| 2| 1E+07 0.748| 0.714 10000| 18052.3| 225.424
20
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Service Life Prediction by TGA Data

0.35 -

0.30 -

By Science
not
by guessl!

Concentration
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3. NLR Basics
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Data and Errors

Response

Absolute error

Relative error

v O/

Vi
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VN
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:f;-+8l'

= fil+¢g;)

Weights

ht

2 =cov(§;,&
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IS

ettivé

Fit
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Model f(x,
[

Explicit
Implicit

Diff. eq

r BExplic
=a (lo=iay
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sz “yBraoxxenns-cyura'

M=Sor*hevi{tl—t)+Des*[hev{t—tl)+imp{(t—tl) ]
"RKumernxa "yBraoxzenng"

Sor=Scrl*hev (USEScrl)+Sor2* [hev {(—USEScorl) +imp (-USESorl) ]
'Rurmernxa "cyuxcn'

Des=De=sl*hev (USEDe=s1l) +Des2* [hev (- USEDe=1) +imp (—-USEDe=1) ]
'YeoraoBME OPHAMSHITEOCTH & CYIWITOTHER

USEScrl=ScrZ2—Sorl

USEDesl1l=Desl—-Des2
'KOHCTAHTE J IPOTEsKYy TOYHEIS B SJIMTIIHED

£3= (E=tl) *hev (t=-tl)

td=t*hev(tl-—t)+tel*hevit—til) +timp {t-tl)]

P2=PI*PI

P12=(PI) =~ (—0.5)

R=r* (M1-MO) *exp {(—x*t4)

=M1+ {MO—M1l) *exp {(—x*t4)

vO=MO—-CO

vi=Ml-CcO

bl=0.0243005232519
b2=0.024£634591223

' 2crmazT ¢ copbunim 1z (2} tau
Sor Pl12% d*T SCECE ah— ) EXbetal
]!!:!l; ‘IEE!L
32—+, * 3z * 3z { 2wt u+b3 *xFuwtx)
o =) oo
.0121051017749
b3=0.0 7. 47
" reyarz 1
S 2=K—
1 1 1 4
b=l

a3=0.0099225322428
U01=[ {(VO*nO*d—-v r) *exp (—nO*d*t4)+R]/ {(nO*d—x)

nl=p2+*9
U1ll=[ {(VO*nl*d-vVil*r)gexp (—nl X J+R]/ {nl*d—x)
n2=pP2*25
s 29 *4ll) +R]/ (n2*d-r)
n3 * )+R]/ {(n3*d-xr)
ex —nd "\‘&)+R]/(n4’\‘d—r)

'acmazToTHRa Zecopbuun npn ti<ti<tli+iau
Des =R N[1-4*P12* ¥ (d*t3) -0 .5]-8*S1
'KuHEeTHRE Aecopbuui npy ti+tau<t
Des2=8* 52
S2=U02/n0+Ul2/nl1+U022/n2+U32/n3+U42/n4
U02=(K—U01l) *exp (—nOD*d*t3)
U1l2=(K-Ull) *exp (-nl*d*t3)
V22=(K-U2 1) *exp (-n2*d*t 3}
U32=(K—U31) *exp (—n3*d*t3)
U42=(K—U41l) *exp (—nd4*d*t3)
'HensBeCTHEIS Z32P ITEE T PRI
d=2
M0=2
Ml=2
<=2
=72
tl=2




Data & Model Prepared for Fitter

- —
Values | ee——
Predictor Response ; Comment
Weight
A B C D
1
2l BoxBod Data
| [ I Flﬁer
4 0 0
5 11109| 1| 90.11
6 21149 | 1|142.24 'BoxBOD model
7 3|149| 1|172.41 y=a* [l-exp (-b*x) ]
8| | 5/197| 1/199.95 St
of | 7|213| 1]|209.17 s 0
10| |10/224| 1/212.91 0 4 8 X
11
Fitting | — Equation
Parameters
08/12/2023 T4



Objective Function Q(a)

Sum of squares S(a) = ZW (i f)282

BaQathctwe sfunection Q
is a sum_of :squares
and: may,be.mare...

S
a = argmin O(a) 57 = ]\E‘;)

Nf:N—p

08/12/2023 15



Very Important Matrix 4

Hesse’s y 1 0’ Q(a)
matrix af 5 Oa,0a

> a)ﬁzlﬂm Dp

Gauss'’ A=V (X X inlinear regressign)

approximationMOtf"ax( A 'S t e
cause of froubles:’"

derivatives
C=s°A'=F"!
Covariance
matrix F=s7’A=C""!

08/12/2023 16
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Quality of Estimation

Covariances Matrix cov(d,a)=C=s"A"

dev(a,)=+C,,
Deviations Vector

Matrix A is the,

cor(a,,ap) =
.measure of qi al‘iﬂr%
O(a)= me(a)

Final Objective Value ¢? = S(d) Nf =N-p
Ny

8 Error Variance and Number
Dearee< of Freedom



Search by Gradient Method
0@~ 0(a,) +b}(a-a,)+* (a-a,) A(a-a,)

\ /
44=I Matrix A is the

Search problemsk

_ +
a,.; =4a, + A bn

Initial point a,

det(A) = 0

Objective fw Q(a

Parameters a a-=a

Local minima 18



4. Multicollinearity

08/12/2023 19



Multicollinearity: View

Multicollinearity is degradation of matrix A

Objective function O(a)

Spread of eigenvalues

ﬂ‘/l'naX
N(4) =log I
min

IS @ measure of
degradation

08/12/2023




Multicollinearity: Source

“Hard” multicollinearity “Soft” multicollinearity
y=aaxx y=a1(l—e_a2x)z a;a,xat a,x <<1I
Y a,x =0.05
0.05 -

08/12/2023 o1



Data & Model Preprocessing

(a+b)+c)+d#+a+ b +(c+d) as 1+107°°=1

Representation of a number in computer with 64 bits

This isg-hard-joh!

RETea3E Hhe Uomputer

Data Scaling X — mX

Data Centering X — X—X0

n SO0

5 Model Adjusting @ — ¢ (@) x — w(x) ¥y — %)



Example: The Arrhenius Law

Standard form Adjusted form

kexp (—ij exp(al a2X)

Simple transformation
withgreat.effect!

Adjusting
k=10"" E=]10" a,~1 a,~ 10
08/12/2023 1
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Derivative Calculation and Precision

—Jl _
N A V@) g dviie=en)
10 10+2=12 12+0=12 12+2=14 14+2=16

) R+2=R Q+Nz
1) Numerical cal

{+2=1N 1N+2=12
ifference derivatives

f=exp (-a*t)
08/12/2uz5

da=-t*exp (-a*t)
24







Reliable Prediction

Estimate of response y=f(x,a)

Prob{l(x,P) < f(x,a)<r(x,P) }2 P

Confidence limits

r(x.P)= f(x.8)+ g(PWv'Cy
frorecast should

Mean predicted

include-uncertainties!

TN

T~

Lower confidence|
limit [ (x, P)

\

\

\

\

08/12/202:
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Nonlinearity and Simulation

a ~N@a,C)—>a; 0 ay = 1.0, fr = r(Px)

0D\ Objective's Contour

Noh- mear““’)ﬁzf’bdéls call

ApprOX|mat|ng Elli Ese
(a—a) Ala—a)=s xp(P)

08/12/2023 7



Prediction: Example

E
Model of (k) ko_ﬁ
rubber aging Y=1-¢ ) k=¢
Accelerated aging tests Upper confidence limits
Y B 7=383K = Y DO Simulation T=293K
1.00 - © T=368K . 1100 - Linearization
& /=383K Bl 0 Mean
0.80 - = 0.80 -
0.60 - « 0.60 -
0.40 1 4 0.40
0.20 - 0.20 -
* =
000 T T T 000 1 T T T T 1
0 24 48 72 96 120 0 607120 180 240 300 360
time, hr ime, day
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6. Testing

08/12/2023
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Hypotheses Testing

Test statistics ¢ is compared with critical value 7 (o)

From

From

vprovena modelkzm

experim!‘\:%

shows tha

0 0.02 0.04 0.06 0.08 0.1
Significance (o)
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Lack-of-Fit and Variances Tests

These hypotheses are based on variances
and they can't be tested without replicas!

1001 = 6

_ Variances
Replica 1 ﬁ | Replica 2 | by
7 replicas

N

Lack-of- Frr
isq wily 'res‘l'!

25
L ] Ld
T T T T T 0

0.5 1.5 2.5 3.5 4.5 55
Predictor

08/12/2023 31
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@) ]
(o}
® oy
Variance
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Outlier and Series Tests

These hypotheses are based on residuals

and they can be tested without replicas Acceptable

Positive deviation

+ + + +

residual
1.2 -‘ I
’ N ]‘ Series ofsigns
0.8 q

ons

Resp

B _ 5
?@%§é F?S*e re ?gls 11
'S i

Negative | _— g
residual 06 e r‘ T‘F '
Outlier |

0.4 1

0.2

0 5 10 15
Predictor
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7. Bayesian Estimation
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Bayesian Estimation

Data set 1 Data set 2 Data set k
Vi X] Y2 Xg Yk Xk

f1(X,ap,ap)||f2(Xs,ap,a5)

How

Post

ap, a

Sllce by slnce'
aoR;SUItak<l//
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Posterior and Prior Information. Type |

Posterior Information Prior Information

a
Parameter estimates Prior parameter values b

JThe same.error..in
each, portion of datal

NDF N, O(a) = SEPEMREYY)
B =53 (V0 +fed) Rl B Hla )
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Posterior and Prior Information. Type |l

Posterior Information Prior Information
a
Parameter estimates Prior parameter values b
® ®
Different-errors:in

ijont-of datal

a) =S
each Rﬁf«jﬁ'
B(a) = ex v R(a)=(a—b) H(a—b)
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8. Conclusions

Mysterious Nature

LR Model

NLR Model

d o
,,,,,,,



