MaTtemaTuka

Jlekuung 2
PaHr matpuubl. CUCTEMbI NMIMHENHbLIX YpaBHEHNY

* PaHr maTtpuubl
 Cuctembl NMNMHENHbIX

(

aBHEHUU -
)/F) 5 ‘:ll I;ACI _+- ‘:l]izf)C:Z -+- cee _+- ‘Sllil;xcil —— 1%71
* MaTpuyHbIN MeTOoq
PELLEHMS < Ay X, +ayX, +...+a,,x, =b,

» ®opmynbl Kpamepa

* MeTtog Naycca

e CucTtemMbl NMHENHbIX
OOHOPOOHbIX YpaBHEHUH,

dyHoameHTanbLHas
CucTema peLleHunn

m

a,. % +a,,%X,+...+a,,x =b

9/27/2021



PaHr MATpPHIIbI.

PaccmoTpum marpuily A pa3mepa mxn.

/
a, a, .. a,)
\aml am2 amn)

Boineum B HeMl kK CTpOK U kK CTOJIOLIOB,
k <min(m,n).
DJIEMEHTBI, CTOSIINE Ha TEPECEYCHUN BBIOPAHHBIX CTPOK U CTOJIOLIOB,

00pa3yOT KBAAPATHYO MAaTPUILLly MOPSAKa K, ONIPEIEIUTEb KOTOPOM Ha-
3bIBACTCSI MMHOPOM K-T0 NOpsAAKa MAaTpULIbI A.



Omnpenenenne. B Marpuie mopsaka mxn MIHOP MOPSIKA I Ha3bIBaeTCs Oa3HCHBIM,
€CIIl OH HE paBEH HYII, a BCE MHHOPHI IMOpsAAKa 7+/ U BBHIIE paBHB HYII, WIH HE
CYHIIECTBYIOT BOBCE, T.€. 7' COBIIQIA€T ¢ MEHBIIINM I3 YHCET m LTI 1.

CToaOubl M CTPOKH MATpPHUIBI, HAa KOTOPBIX CTOHT Oa3UCHBIII MHHOp, TaKkKe
Ha3bIBAKOTCSA 0a3HCHBIML.

B MaTpHiac MOKCT OBITh HECKOJIBKO Pa3/IMYHbIX 0a3ICHBIX MITHOPOB, HMCHOIIHNX
OJINNHAKOBBIIT ITOPAIOK.

Omnpeaeaenne. [Topsaok 6a31cHOro MIUHOpPA MAaTPUIIBI HA3bIBACTCS PAHTOM MaTpPIIIbI
11 00o3HauaeTcsa Rg A.

2 0 4 0
II'pumep Haittu panr marpuner: A=|3 0 6 0]}.

1 U =3 0
Q Pemenne: Bee munopbl 3-ro nopsjka pasnbl HyJii0. Ecth Munop 2-ro
nopAaKa, OTJIMYHBIH OT HyJ1A '3 ~g = —15 # 0. 3nauur, r(A) = 2.

Basucuslit MuHop crout Ha nepeceyenun 2 u 3 crpoku ¢ 1 u 3 croabuamu.
®




MeTo/bl BbIYUCNIEHUS paHra MaTpuLibl

1. MeToa okaiMJISIOIIIMX MUHOPOB
[IycTh B MaTpulie HaliieH MUHOD K-r0 rtopsiaka M, OTAWYHbBINA OT HYJIS.

PaccMoTpum Jmiib T€ MUHOPHI (k+1)-ro mopsiika, KOTOpbie CoaepxkKar
B ce0e (OKauMJISIIOT) MUHOP M: eciiv BCE OHUM paBHBI HYJIIO, TO PaAHT Ma-
TpULIbl paBeH k. B mpOTMBHOM CJjlyyae cpeau OKauMJISIOIIMX MUHOPOB
HaliaeTcss HeHyJeBOi MUHOP (k+1)-ro nmopsiaka, v Bes npoleaypa Io-

BTOPSIETCSI.
[Ipumep. HaiiTu paHTr MaTpULIbIL:
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Pewenue. Taxk Kak BC€ 3JIEMEHTBHI MAaTPHUILIbl paBHHBI (), TOT1a OKAUMIISIIO-
[IIe MUHOPBHI |-T0 rmopsaka paBHBI HYJIIO, 3HA4YUT, 7(A)=0.



[Ipumep. HaiiTi paHT MaTpULIBI METOOOM OKAUMIJISIIOILIMX MUHOPOB:

121 3 4
A=|3 4 2 6 8|
121 3 4

Pewernue. PukcrupyeM MUHOP 2-TO MOPsIAKaA, OTJIMYHBIN OT HYJIS:
2

‘ =4-6=-2=0.
4

Hariinem Bce MUHOPBI 3-T0 MOpsiaKa, oKaumsiome M,:
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Tak Kak Bce OKauMJISIIOILIIE MUHOPBI 3-TO TIOPSIAKA PaBHBI HYJIIO, TO PAHT
MaTpPULIbI PaBEH 2, TO €CTb r(A) =2.



Onpenenenne. DleMeHTAPHHLIMH  MpeoOpPa30OBaAaHHSIMH  MAaTPHUIBI  HA30BEM
CIeAyIOIINe IIpeoOpa30BaHUS:

) yMHO)KEHHE CTPOKU HA UUCIIO, OTJIUUHOE OT HYJIS;

2) mpubaBiIeHHE K 3JIEMHTAM OJTHOM CTPOKH 3JIEMEHTOB JIPYIrOU CTPOKHU;
3) mepecTaHOBKA CTPOK;

4) BpIiuepKuBaHueE (yIaJIeHUE) OTHOU U3 OIMHAKOBBIX CTPOK (CTOJIOIIOB);
5) TpaHCIIOHUPOBAHUE

Te xe omnepanuu, mpuMeHsieMble [UISI CTOJIONOB, TaK/Ke HA3BIBAKOTCS HJIEMEHTAPHBIMU
peodpa30BaAHUSIMU.

C moMOIIbI 3JI€MEHTApHBIX IIPeoOpa3oBaHUN MOKHO K KaKOU-IMOO CTpOKE WU
CTOJIOIYy NMMPUOABUTH JTUHENHYO0 KOMOUHAIINIO OCTAJIBHBIX CTPOK ( CTOJIOIIOB ).

Onpenenenne. Marpuilel, IIOJy4eHHbIE B pe3ydbTare  AJIEMEHTapHOI'O
IpeoOpa30BaHusl, Ha3bIBAKOTCS IKBUBAIEHTHBIMH.

Hamo orMeTuTh, 4TO paBHbIe MATPUIl U 3BHBAJIEHTHbIE MATPUIIbl - IIOHSATUS
COBEPILIEHHO pPa3JIMUHbIE.




2. MeToa 3/1eMeHTapHBIX NPeodpa30BaHMii
C nOMOLLBIO 3JIEMEHTAPHBIX ITPEOOPA30BAHMI MATPUILY MOXKHO TIPUBE-
CTU K TAKOMY BUY, KOI1a BCE €€ SJIEMEHTHBI, KPOME

15 e <3 Oy, (P TMI(MAH) ),

paBHbI HY110. CIie10BaTEIbHO, PAHT MAaTPULIBI PABEH 7.

IIpumep. Havitn panr MaTpuiibl A METOIOM 3J€MEHTAPHBIX ITPE0OPa30-

BaHUM, €CJIU
(1
A=|3
1

2 1
4 2
il 2 1

w O\ W
S~ o0 K




Pewenue. ITpousBeneM ajieMeHTapHBIC ITPEOOPA30BAHUSL.

1T 2 1 3 4\Y-D7 (1 2 1 3 4 )

1 2 1 3 4)E3)-
A=(3 4 2 6 8 ~13 4 2 6 8 |~

3 4 2 6 §8) <«
\12134)<—\6—6—6—6—&)

121344110000 1 0 O O O
0 -2 -1 -3 4/ =D 0 -2 —] =3 -4 0 -2 0 0 0)
_(_LJJ‘
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3HAQYUT, paHT MaTpuLibl A paBeH OIBYM, TO €CTb r(A) = 2.




Ilpumep. Haiitu panr Matpuibl A METOIOM 3JIEMEHTAPHBIX IIPEOOPa30-
BAHUM, €CIIN

(4 8 4 12 4
A=|2 4 2 6 2|.
121 031,

Pewenue. I1pon3Benem 3J1€eMEHTAPHBIEC ITPEOOPA3ZOBAHUS.

f484124\<—/12131\J(2) (121 3 1

A=|2 4 2 6 2| |~|2 42 6 2 Ny ~[0—6—0—0—0

o000 u

121 3 1)<t (4 8 412 4) < § )
~(1 2134 ~1 000 0)
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3HAYUT, PAHT MATPULIbl A PaBEH €AUHULIC, TO €CTh r(A)=1.




JIuHenHas 3aBUCUMOCTL (HE3aBUCUMOCTD)
CTPOK U CTONOL|OB MaTPULbI

[ToHsITHE paHra MAaTPULIBI TECHO CBSI3aHO C IIOHSTUEM JIMHEUHOMN 3aBU -
CUMOCTHU (HE3aBUCUMOCTH) €€ CTPOK MJIM CTOJIOLIOB.

Omnpeneanum NOHATHS 3aBUCUMOCTU U HE3aBUCUMOCTH [1JIs1 CTPOK MATPU-
LIbI. J1J151 CTOJIOLIOB ATH ITOHSATUS OIPENCIISTIOTCS AaHAJTOTUYHO.

[TycTs nana matpuua A:

( A

a” alz aln

A _ a2] a22 LY azn
\am] am2 o amn)




O003HaUUM €€ CTPOKM CICAYIOIIUM 00Pa30M:
e =(a,a, ... a,), e,=(ay0y... 4,), .., €y =(Ay Gy ... Q).

JIB€ CTPOKM MATPUIIBI HA3BIBAKOTCSI paBHBIMM, €CJIU PABHBI X COOTBET-
CTBYIOILIME DJIEMEHTHL: €, =€, €CIN 4, =a,, j=1,2,.

Apr(METUYECKME OTIEPALIMU HA CTPOKAMM MATPHULIBI (YMHOXEHUE CTPO-
KW HA YMCJI0, CJIOKEHUE CTPOK) BBOISATCS KAK ONEPALIMA, TPOBOAMMBIE I10-
3JIEMEHTHO:

Ae; =(A@ M@ e A, ),

e +e =(a, +a,)(a,+ay,)...(a,+a,)].

CTpoka e Ha3bIBACTCS JIMHEHHON KOMOMHALIUEH CTPOK €, €, --., €, MATPU-
IIbI, €CJIM OHA PABHA CYMME TPOMU3BEACHUN 3TUX CTPOK HA MPOMU3BOJILHBIE
OEUCTBUTEIBHBIC YNCJIA:

e=\e +As8Fuut B,

Fﬂe }\’19 }"’29 sieey )“s - JI}O6BI€ qI/ICHa.



CTpoku MaTpulLbI €, e,, ..., €, Ha3bIBAIOTCS JUHEHHO 3aBUCHUMbIMH, €CJIN
CYILLIECTBYIOT TAKME YMUCIA Ay, A, ..., A,,, HE PABHBIE OTHOBPEMEHHO HYIIIO,
4yTO JIMHEVHAg KOMOMHALIMS CTPOK MATPULIBI PABHA HYJIEBOM CTPOKE:

re +he+...+A e =0,

g0 =(0 0 ...0).

JIMHEeHAag 3aBUCUMOCTL CTPOK MATPUILIBI O3HAYAET, YTO XOTS ObI OIHA
CTPOKA MATPULIBI SIBJISIETCS JIMHEMHOM KOMOMHALIMEN OCTAJIbHBIX.
Ecian nuHeitHass KOMOMHALUA CTPOK Ae +A,e, +...+A, e, PaBHA HYJIIO

TOT1A M TOJIBKO TOTOa, KOraa BCe KOA(MMULMEHTHI A; PABHBI HYIIO, T.€.
A=k, =...=A, =0, TO CTPOKU €, e,, ..., €, HA3bIBAIOTCS JHUHEHHO He3aBHCH-

MbIMH.

Teopema o panece mampuuwt. Pane mampuuyvl pageH MaKcumansbHOM) YUCLY
ee NUHeUHO He3a8UCUMbBIX CIMPOK UAU CIMOA0Y08, Yepe3 KOMOpble 8blpaicarom-
csl 8ce 0OCmanbvHovle ee cmpokKu (cmoabuybl).



[Ipumep. JIOKAXUTE, YTO CUCTEMa BEKTOPOB ¢ =(1 2 -1 -2 0),
e2=(2 3 0 2 1), e3=(1 2 1 4 2), e4=(l 3 -1 0 —1) JIMHEWHO
HEe3aBUCUMA.

Pewernue. COCTaBUM MATPUILYy, CTPOKM KOTOPOI OYyIYT BEKTOPAMU 1aH-

HOUW CUCTEMBI:
(1 2 -1 =2 0

23 0 -2 1
121 4 2f
13 -1 0 -1

BoerancauMm paHr JaHHOM MATPULIBI C TOMOILIBIO AJIEMEHTAPHBIX ITPE00-
Pa30BAHUA.
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3HAQYUT, paHT MAaTpPULlbl A PaBEH 4YEThIPEM, TO €CThb r(A)=4. Tak Kak

PAHT MATPULILI PABEH KOJIMYECTBY BEKTOPOB UCXOOHON CUCTEMBI, TO, CO-
rJ1ACHO TEOPEME, JOKA3aHA JUHENHAS HE3aBUCUMOCTb UCXOOHOMN CUCTE-
MBI BEKTOPOB.



3ajlayu Ang camocToATe/IbHOro peLleHuns

1. HaiiTi panr MaTpuil;

/ \

1 2 -3 -5 f;(l)i = 1 § & 13

a)(14 o8 47 ;0); DNg g 1 gp Y& 2-10 =2 L1,

) 7 1 § 2 -8
11 2 1,

Omeem:a)2; b)4; c)2.

2. SBnsercsa nmu cucrtema BEKTOPOB e =(1 2 2), e,=(-1 -1 0),
e,=(3 4 2),e,=(1 3 -1 0 -1)jauHeHO HE3ABUCUMOIL?
Omeem: VICXOIHAs CUCTEMA BEKTOPOB JIMHEHO 3aBUCHMAs.



I'naea 2. Cucmemul 1uHeUHbIX YPAGHEH U

2.1. OCHOBHbIE NMOHATUA

MCTEMOM JUHEHHBIX ajreopanyeckKux ypaBHeHMH, COIEPKAILIEC m
YPABHEHUI U n HEU3BECTHBIX, HA3BIBAETCS CUCTEMA BUIA

a X, +a,x, +---+a,x, =b,

a, X, +a,,X, +---+a, x, =b,,

a,:,% +a,,%, +---+a,,X, = b

m?

e @; — KO3 @MULIMEHTHI CUCTEMBI; b, — CBOOOIHBIC WIEHBI; X; — HEU3BECT-

HbIE 3HAYEHUS: i =1,m, j=1n.



3amnuieM CUCTeEMY B MATPUUHOM (hopMe:
A-X =8B,

rne A — martpuua Ko3p(PULMEHTOB CUCTEMBI UJIM OCHOBHASA MATpHUIIA CH-
CTEMbI:

(G @ ws W)
S G Gy - 4,
@; By ws O
\ “ml m?2 mn ) (xl S
X)
X — BEKTOP-CTOJI0EL] U3 HEU3BECTHBIX X! A= i
b,
B — BeKTOp-CTOI0€1] M3 CBOOOIHBIX WICHOB b;: B=| .




PacmmpeHHo# MaTpMIieil cUCTeMbl HA3BIBAETCS MAaTPULIA BUIA

[ )
a, qp a,, |b
— | Gy Gy a,, |b,
=
\aml am2 amn bm)

PemmenueM cucTeMbl HA3bIBACTCSI # 3HAYEHU HEU3BECTHBIX

X, =Gy Ky=1Cy swnyyiy=i

n n?

[IPU MOACTAHOBKE KOTOPBIX BCE YPABHEHUS CUCTEMBI 00PAILIAIOTCS B BEP-
HbIE PABEHCTBA.



CucreMa ypaBHEHU I HA3bIBAETCSI COBMECTHOI, €CJI OHA UMEET XOTS OBl
OIHO PELICHUE.

Cucrema ypaBHEHUI1 HA3bIBAETCSI HECOBMECTHOM, €CJIM OHA HE UMEET
HU OJHOTO PELICHUSI.

CoBMECTHAsI CUCTEMA HAa3bIBACTCS onpeiesIeHHOM, €CJI OHA UMEET €1 H -
CTBEHHOE PEIIECHUE.

CoBMecTHas CUCTEMa HA3bIBACTCS HeompeaeJeHHOoM, €CJI1 OHA UMEET 00-
JIE€ OTHOTO PEIICHMUSI.

Kaxnoe peieHue HeonpeaeJeHHOM CUCTEMBI HA3bIBAETCS YACTHBIM pe-
IIeHHeM TOi CHCTEMBI.

COBOKYIHOCTbH BCEX YACTHBIX PEIICHUIN HA3BIBACTCSI OOIMM pellleHHeM
CHCTEMBI.



2.2. PelleHue HeBbIPOXAEHHbIX TMHENHbIX CUCTEM

[lycTh naHa cucTeMa n IMHEMHBIX YPABHEHUMN C # HEU3BECTHBIMMU:

QX +a,X, +---+a,x, =b,

In""n

Ay X+ A X, +--+ 0, X, = bz,

7, T

(2.1)

a,x, +a,x,+--+a,x,=b

nd

WJIM B MATPUYHOM (popme: A-X = B.

a, - 4,
A=detA=|--- --- ---| — ONPEOEIUTE]Ib CUCTEMBI.
anl o ann

Ecau onpenenureb CUCTEMbI OTJIMYEH OT HYJISI, TO CUCTEMA HA3bIBACT-
CsI HeBBIPOKIEHHOIA.
PaccMOTpuM CriocO0BI pelIeHUs CUCTEMBI (2.1).



MaTpuyHbi MeTo peLueHus

VYMHOXUM 00€ yacTy ypaBHeHus A-X = B ciieBa HA maTpuny A"
A - A-X=A"-B,
Takkak A -A=E, 10
X=A"B.

Ipumep. Peintb MaTpU4YHBIM CIIOCOOOM CUCTEMY:

(2x+y+27=3,
ixEz=1,

2x+y+3z=2.
Pewenue. Pemenvie cucteMsl HaiineM 1o dopmyiae X =A™ - B.



OCHOBHAas MaTpuULIA CUCTEMBI UMEET BUJ

OOpatHag MaTpulia 11s1 MATPULIBI

Torna

X=A"'B=

(D
A=|1
2
(1
A1=] 1
-1
1 -1
-2 0 |
0 1)

3

()

|
0
| J
A:

1 -1
-2 0|

0

(' T

L)

((3+1-2 )
3-2+0

\—3+0+2)

(9 )

el



®opmynbl Kpamepa

3anuieM MAaTPUYHOE PABEHCTBO X = A™' - B B CIIEAYIOLLEM BULE:

(xl\ (An 4, .. Anl\ (bl\
X =l 4, 4, .. A, . b,
Al oo e -
\xn/ \Aln A2n A’nn/ \bn/
TO €CTh
(Allb]+A2lb2+'”+Anlbn\
(x,) A
Al2bl + Azzbz +orotlsh,
X |_ "

") A b+ A b+t A b
e A J




Orcroaa cienyeT, yTo

B Ab +ADb +---+A.b

- Alnbl + A2nb2 Tk Armbn
- . ,
Ho A4,b, + A,,b, +---+ A,,b, €CTb pa3/10XXEHUE OMPEACTUTEIIS

X

n

h a, - a,

b, a, --- a
e 2 22 21

bn an2 o ann

10 2JIEMEHTAM IEepBOro ctoaouna. OnpeneanTessb A, moJIy4aeTcs U3 OIpe-

OCJIATEIIST A TIyTeM 3aMEHBI IEPBOTr0 CTONOLA KOA(POULIUEHTOB CTOJIOLIOM
13 CBOOOOHBIX WICHOB. UTaK,



A2
AHAQJIOTUYHO X, = L T1I€ A, TIOJIYY4EH U3 A ITyTEM 3aMEHBI BTOPOTO CTOI0-

A

11a KO3(PMULIUEHTOB CTOJI0LOM U3 CBOOOAHBIX YJICHOB; X; = f, X =",

A
Dopmy.bl Kpamepa nMe0T BUI

rIe A — OIPEeNeIUTEIb OCHOBHOM MATPULIBI CUCTEMBI; A; — OTIPEACTNUTEIb,

TIOJTy4aeMBbIi1 U3 ONPEOETUTENISI A 3aMEHOM /-r0 CTOJI0LA HA CTOJIOEIL CBO-
OOOHBIX WIECHOB; [ =1,n.



[Ipumep. Pemuts o popmysiam Kpamepa cucremy

(4 p—z=0

A\

2x+y+z7="17,

\x—y+z=2
Pewenue. 3anuiem popmyibl Kpamepa:
A A A

xz_x-) =—y9 Zz_z—o
A Y A A

Haiinem ompenennuTeab CUCTEMBI A U OINPEIEIUTE]N HEU3BECTHBIX
A, A A 3nees A, =A;, A=Ay, A, <A

1 1 -1
A=12 1 1|(=1+1+2+1+1-2=4,
1 -1 1




A =7 1 1[(=0+247+2-0-7=4,

0
7 1|=7+0-4+7-2-0=38,
2

1 0
A =2 1 7=2+7+0-0+7-4=12.
1 2

HaxonuMm o popmynam Kpamepa x, y, z:

|
A 4 A 8 A, 12
:—x:—zl' :—y:—:2° :—z:—:3. X: 2 .
YTATET YTATETY TAT: CTaK, U



2.3. PelleHune npou3BoJIbHbIX cCUCTEM JIMHEHHBIX YPpaBHEHUH

[1ycTh 3amaHa cucrtemMa m JUHEMHBIX YPABHEHUN C # HEU3BECTHBIMMU:

a]]xl +a]2x2 +"'+alnxn =b]’

Ay X, + Ay X+ +ay, X, = b,,

Y, -

a,x, +a,x,+--+a, x =b .

L ml m

Teopema Kponexepa-Kaneaau
Cucmema nuHelHbIX anreebpauvecKux ypasHeHuil coemMecmHa moaoa u monb-
K0 moeda, K02da paHe 0CHOBHOU MaAMPUUbL CUCEMbL PABEH PAH2Y PACUIUDEH -

HOU Mampuubl, mo ecmbo B
r(A)y=r(A).



[Tyctb r(A) = r(A)=r,TO €CTh CUCTEMA COBMECTHA.

Ymeepocoenue 1. ECu r =n, TO CUCTEMA SIBJISICTCS OIIPEACICHHOM.
Ymeepocoenue 2. ECu r < n, TO CUCTEMA SBISIETCSA HEOIIPEACICHHOMN.

[1paBuna peLeHns npon3BosibHON CUCTEMbI JIMHEUHbIX YPaBHEHNN
1. Haiiti paHru OCHOBHOI M pacIIMPEHHON MaTtpull cucteMbl. Ecin
r(A)=#r(A), To cucteMa HECOBMECTHA.

2. Ecmur(A)= r(Z ), TO cucrteMa coeMectHa. Hatu kakoi-1mbo 0azuc-

HBI MUHOD MOpPsiaKa 7. B3gTb ¥ ypaBHEHUI, 13 KOI(POULIMEHTOB KOTOPHIX
COCTaBJIEH 0A3UCHBIM MUHOD (OCTAJIbLHBIE YPABHEHUSI OTOPOCUTH). I 1aB-
HBI€ HEU3BECTHBIC OCTABUTH CJIEBA, A CBOOOIHBIC IIEPEHECTH B IIPABLIC Ya-
CTU YPABHECHU.



I'1aBHbIe (0a3MCHBbIE) HEM3BECTHbIE — HEM3BECTHBIC, KOI(DHULIMEHTHI KO-
TOPBIX BXOIAT B 0A3UCHBI MUHOD.

CBo000IHbBIe HeM3BEeCTHbIE — JTO #— F HEU3BECTHHIX, KO DUILIMEHTHI KO-
TOPBIX HE BXOOST B 0a3UCHBIIT MUHOP.

3. PemuTth cuCTEMY OTHOCUTEIBHO IVIABHBIX HEM3BECTHBIX, BHIPA3UB
[JIaBHBIC HEU3BECTHBIE Yepe3 CBOOOAHEBIE. [10aydnTh 00111€€ peLIeHE CU-
CTEMBI.

4. ITpunasast cBOOOIHBIM HEM3BECTHBIM MTPOM3BOJILHBIC 3HAYCHMSI, HATA-
TU COOTBETCTBYIOIIME 3HAUECHUS TJIABHBIX HEUM3BECTHBIX, TO €CTh HANTHU
YACTHOE PEIIEHUE CUCTEMBI.



Ilpumep. Peints CUCTEMY

X, +3x, +4x; +3x, =1,

A\

9%, +3x, +8x; +x, =1.
Pewernue
1. Haiinem paHru OCHOBHOM 1 pACIIMPEHHON MATPULL CUCTEMBI.

1 5 4 3 1)
A=|2 -1 2 -1 0|~
5 3 8 1 1,




15 4 3 1
2 -1 2 -1 0
53 8 1 1,

A |
Il

(—2):| (=3

<

1 5 4 3 1)

~10 -11 -6 -7 =2

0 =22 =12 =14 -4,

(—2):|

(1 5 4 3 1)

-0 -11 -6 -7 -2~(1 d & 8 lj:
N 0 ~I ~8 ~7 &

0O 0O 0O 0O
\V) \V) \V v )

15
0 -11

\

:>M2=| =—1120 = r(4A)=2=r(A).

2. Tak kaK r(A)=r(A)=r=2, T0 CUCTEMA COBMECTHA.
BuioepemM 0a3MCHBI MUHOD:



Bo3bMeM nepBbie 1BA YpaBHEHUS, U3 KOA(DPULIMEHTOB KOTOPBIX COCTAB-

JIEH 0A3UCHBI MUHOD:
{xl +5x, +4x, +3x, =1,

2x, —x, +2x; —x, =0;
X,, X, — IJIABHBIE HEM3BECTHBIC, TAK KAK X KO3 OULIMEHTHI BXOIST B 0a-
3UCHBIM MUHOD; X;, X, — CBOOOIHBIC HEU3BECTHHIC, TAK KaK KO3 hHuULiu-

€HThI [IPU 3TUX HEU3BECTHBIX HE BXOIAT B 0A3UCHBI MUHOD.
[ TaBHBIE HEM3BECTHHIE OCTABUM CJIEBA,  CBOOOIHBIEC ITEPEHECEM B IIPA-
BbI€ YACTU YPABHEHUM:
{xl +5x, =1-4x, -3x,,



{x] +5x, =1-4x, -3x,,

2x, —x, ==2x; + X,.



3. BbIpa3uM rjaaBHbIE HEM3BECTHBIE YEPE3 CBOOOIHBIE.
Peiiym nocyiegH010 CUCTEMY OTHOCUTEIBHO X, U X, TI0 (popmynam Kpa-

Mepa:

A]. A2
.xlzx, xzzx.
A=1 5 11
2 -1
1-4x.-3x, S
A1=| —2x33+x44 . =—1+4x, +3x, +10x;, - 5x, =-1+14x, - 2x,;
1 1-4x,-3x
2=‘2 _2x33+x44=—2x3+x4—2+8x3+6x4:—2+6x3+7x4.
A —1+14x,-2x, 1 14 2
X =——= = +—X,;

A —11 11 11 11

A, -2+6x,+7x, 2 6 7
Xy = = =———X; ——Xy.
A -11 11 11 11




MTax,

OO011ee pelIeHne CUCTEMBI UMEET BUL

A\

| 14
B=

)71 T

2 6

11T 11

1 14 2
X Sr——erlp—C5;

11 11" 11
gt B @
211 117 11#%
x3=cl,

Xy =———=X;—

2

_x,
11

7

_x4o

11



4. Hatinem 4aCTHOE PEIIEHUE CUCTEMBI.
[Tycth ¢, =¢, =0, TOrIa 4aCTHOE PEILIEHUE CUCTEMBI UMEET BU/I
( |
N =
|

[S—

= = ke

%

2
Il

R
Il



2.4. PelleHune cuctem NuMHenHbIX ypaBHeHW meTofjom [aycca

Meton I'aycca CoCTOUT B ITOCIEA0BATEIbHOM UCKIIOUYEHUU HEU3BECTHBIX.
[lycTh JaHa cuctemMa JIMHEMHBIX YPABHEH U

a, X +ax, +---+a,x, =b,
<a21xl +a)X, +---+a,X, =b,,

(2.2)

a.x+a,x,+--+a,x =b .

L oml m

PenieHue nmporucxoauT B ABa ATaria.



1 aran. [pamou xop

C moMO1IBIO AJIEMEHTAPHBIX TPEOOPA30BAHUI CTPOK cucTeMa (2.2) mpu-
BOJIUTCS K CTyIIeH4aToMy (B YACTHOCTH, TPEYrOJbHOMY) BUY:

a X, +a,X, +---+a, x, +---+a,x, =b,

In""n

Ay X, +---+ay, X, +---+a,,x, =b,

(2.3)

\ A X +--+a,x,=b,,

rne k<n, a,=0, i=1,k.
Koad@uuneHTh a; Ha3bIBAIOT IJIABHBIMH 3JIEMEHTAMU CUCTEMBI.
Ornuirem, Kak MPUBECTUA cUCTEMY (2.2) K BUy (2.3).

[Tycth g, #0. Eciin a;, =0, TO TIEPBBIM B CUCTEME 3aITUILIEM YPABHEHUE,
B KOTOPOM KOA(PPULIMEHT IIPH X; OTJAUYEH OT HYJIS.



C moMoOLIbI0 2JIEMEHTAPHBIX ITPEO0pa30BaHUIl TPeodpa3yeM CUCTE-

My (2.2). UckinounuM HEM3BECTHOE X; BO BCEX YPABHEHUSIX, KPOME TEPBO-

a
ro. JI1s 3T0ro yMHOXHNUM 00€ 4aCTU NMEPBOTO YPABHEHUS HA ——= U CJIOKUM
a

MTOYJICHHO CO BTOPHIM YPABHEHUEM CUCTEMBI. 3aTEM YMHOXHUM 00€ 4aCTH

a
[EPBOTO YPABHEHUS HA ——— U CJOXUM C TPETHbUM YPABHEHUEM CUCTEMBL.
a

[Tpomoskas 3TOT IIPOLECC, MOJYUUM SKBUBAIECHTHYIO CUCTEMY

)
a X, +a,%X, +---+a,x, =b,

1n""n

(1) M+ _ p)
g Xy okl X =D

Wy 1oiq gDy —pO
@5, keesh @ o = b

mn n

\

rae a;’, b (i=2,m;j=2,n) — HOBbIC 3HAYCHUST KOIDDUIIMEHTOB 1 MPABBIX

qyaCcTei, KOTOPHIE TTOIYIAI0TCS MOCIE TIEPBOTO 11ara.



Jlajee aHAJIOTUYHO, CYUTAS TJIABHBIM 3JEMEHTOM 4 #0, UCKITIOUUM

HEU3BECTHOE X, U3 BCEX YPABHEHUM CUCTEMBI, KPOME TIEPBOr0 X BTOPOTO,
1 TaK nanee.

Eciu B ipouiecce npuBeaeHUSI CUCTEMBI (2.2) K CTYTIEHYaTOMY BUY 10-
SIBJISIXOTCSI HYJIEBBIE YPAaBHEHMS, T.€. paBeHCTBA BUaga 0=0, T0 ux oTtoOpa-
CHIBAIOT. Ecam xe mosgBisttoTcs ypaBHeHUs Buaa 0=>5,, a b, #0, TO cucrema
HECOBMECTHAAI.

2 3tan. 0bpatHbIv xo

Ha BTOpOM 3Tame peiraeM CTyneH4yaTyo cucteMmy. B mmociegHem ypas-
HEHUM 3TOM CUCTEMBI BBIPAXKAEM MEPBOE HEU3BECTHOE X, UEPE3 OCTAIBHBIC
HEU3BECTHBIC (X, ---, X,). 3ATEM MOACTABJISIEM ITOJIY4EHHOE 3HAYECHUE X,

B IIPEAIIOCICIHEE YPABHEHUE CUCTEMBI M BBIPAXKAEM X, UEPE3 (X, ---, X,,),
fajiee mocaea0BaTeIbHO HAXOIUM X, _,, ..., X;. [IpuaaBast CBOOOIHBIM HEN3-
BECTHBIM (X, --., X,) IPOU3BOJILHBIC 3HAYCHUSI, TOJTYYUM MHOXECTBO pe-
ICHUN CUCTEMBI.



Jameuanus

1. Eciu cTtyneHuarast CucTeMa OKa3bIBA€TCsI TPEYTOJAbHOM, TO €CTh K = A,
TO UCXOOHASA CUCTEMA UMEET EAMHCTBEHHOE PEILICHUE.

2. Ha mpaktuke ynooHee padoTath HE ¢ cuctemoli (2.2), a ¢ ee pacium-
PEHHOU MATPULIEH, BHITIOJHSS BCE JIEMEHTAPHBIE MPEOOPA3OBAHUS HAL
€€ CTPOKaAMMU.



Ilpumep. Pemuts cuctemy Metoaom Iaycca:
(X, —2x, +Xx, =-3,
3%, —x, —2% =1,

< 2x, +x,—2x, —4x, =4,

X +3x, —2x, - 2x, =T7.
Pewenue. CocTaBUM paACIIUPEHHYIO MATPULLY CUCTEMBI:
(1 -2 0 1 =3)

3 -1 =2 0 1

2 1 -2 -1 4/
1l 3 -2 2 7,
1 3ran. [1puBenem matpuily K CTyrI€eHY4aTOMY BUAY:

1 -2 0 1 -3
0 5 =2 <3 10)

A=




2 3Tan. BOCCTAaHOBUM CUCTEMY:
X, —2x, +x, =-3,
{ 3x, —2x, —3x, =10.
M3 BTOPOTrO ypaBHEHUSI HAUIEM X, :
X, =§x3 +§x4 +2.
[ToncraBuM X, B IIEPBOE YPABHEHUE M HAWIIEM X, :
4 1

% =§x3 +§x4 +1.

OO1ee pemeHnue CUCTEMBI OyIET UMETh BUJL

(x — +l +1

1_5 1 5 2 b
sz =§Cl+§ 2+2,
X3 =¢q,

X, =i,

"



2.5. Cucremb! IMHEHHbIX OJHOPOAHLIX YPaBHEHUH.
dyHaamMmeHTaNbHag cucTeMa peLleHun

Cucrema TMHEVHBIX YPABHEHUN HA3bIBACTCSI OJIHOPOIHOM, €CJIM BCE CBO-

OOIHBIC WIEHBI PABHBI HYJIIO:

ax+ax+ ~+a _x =0,

ln""n
)G +ayX, +--+ a4y, X, =0,

a, X, +a,x,+---+a, x, =0.

OnHOpOIHAg CUCTeMa BCEraa COBMECTHA, TO €CTh
r(A)=r(A).

OHa uMeeT HyJeBoe (TPUBHAJIBHOE) pellieHne: X,

X i

X

n

(2.4)

0.



Teopema 1. /ina moeo umobsl cucmema 00HOpoOHbIX ypasHeHull (2.4) ume-
/14 HeHyneebvle peuleHus, He00xXo0umMo U 00Cmamo4Ho, 4moobvl pamHe r ee 0CHO8-
HOU Mampuybl Obl1 MeHbUe YUCAA N HEeU3B8ECMHBIX, MO ecmb I < h.

[TycTh 1aHA OMHOPOIHAS CUCTEMA /1 JIMHEHHBIX YPABHEHUIL C 17 HEU3-
BCCTHBIMU.
a,%, +a,%, ++a,x, =0,

Ay X, + Ay X, +-+ay, X, =0,

a3, % +a,x, +---+a,x, =0.

Teopema 2. /[nsa mozo umobOvl 00HOpOOHAs cucmema n AUHeUHbIX YPABHEeHUI
C N HeU38eCMHbIMU UMeNa HeHyAe8ble PeuleHus, HeoOXo0umo u 0o0CmamouHo,
umobbl ee onpedesumensd Obln pageH Hyat0, mo ecmv A=0.



Ilpumep. Pemiurts cucremy

X +x,—2x, =0,

I\

3x, —x, +2x, =0,

X, +2x, +x;=0.

Pewernue. Beluncianm OnpeaeanTe b CUCTEMBI:
1 1 =2
A=[3 -1 2|=-1+2-12-2-3-4=-20.
1 2 1

Tak kak A #0, TO cuCTeMa UMEET, COTIACHO TEOPEME 2, TOJIBKO OTHO (HY-
JIEBOE) PELICHUE:

X, =i, =,=10.



3amnuieM pemeHue cucteMsl (2.4) x, =k,, x, =k,, ..., x, =k, B BUIIe CTPOKH
e, =k, ky,.... k).

PemeHust CUCTEMBI IMHEMHBIX OJJTHOPOAHBIX YPABHEHU I 00/1a0a10T CJIE-
OYIOLIMMU CBOMCTBAMMU.

1. Ecnu ctpokae, =(k,, k,, ..., k,) — pemieHne cuctemsl (2.4), TO U CTPO-
Ka Ae, =(Ak;, Ak,, ..., Ak,) — TAKXKE PELICHUE 3TOW CUCTEMBI.

2. Ecnu ctpoku e, =(k,, k,, ..., k) ne,=(,1, ..., ) — pelICHUSI CUCTE-
MBI (2.4), TO TIpU NIOOBIX ¢, U ¢, UX JUHEWHAsS KOMOMHALIUS ce, +C,e, =
=(¢k, +¢l, ¢k, +c,l, +...+ ¢k, +c,l ) — TakKe PEIICHUE TAHHON CUCTEMBI.

N3 chopMyaInpOBaHHBIX CBOMCTB CIEAYET, YTO BCSKAS JIMHEAHAS KOM-
OMHALMY PELIEHUI CUCTEMBbI JIMHEMHBIX OMHOPOIHBIX YPABHEHUIM TAKIKE
SIBJISIETCS PEILLIEHUEM 3TOM CUCTEMBI.

Cucrema IMHEHO HE3aBUCUMBIX PEILICHUI €, €, , ..., €, HA3bIBACTCSI (hyH-
JAMEHTAJBHOM, €CJIM KAXII0€ PEIICHUE CUCTEMBI (2.4) IBISIETCS TMHEHHOM
KOMOMHALIUEN PEIICHUM ¢, e,, ..., e,.






Teopema. Ecau pane r ocHo8HOU Mampuybl cucmemovl AUHEUHbIX 0OHOPOOHbIX
ypaeneHuil (2.4) meHbuwe uucra nepemeHHslX n, Mo 8CAKAs (PYyHOAMEHMANbHAS
cucmema peuwleHui cucmemol (2.4) cocmoum u3 n—r peuieHuil.

OOwee pemeHue CUCTeEMBI (2.4) TMHEUHBIX OOHOPOOHBIX YPABHEHUA
MOKET OBITh MPEACTABICHO B BUIE

ce +ce+...+ce.,

TIe e, e, ..., ¢, — Moo0as pyHgameHTaibHasg cucrema pemeHuin (OCP),
Cy Cyy --., C, — IIPOU3BOJIBHBIC ITIOCTOSIHHBIE U kK =n—r.
Pemenusi e, e,, ..., ¢, MOXXHO ITOJIYYUTh, TIPHUIABAST CBOOOIHBIM HEU3BECT-

HBIM ITOOUEPEIHO 3HAUCHME 1, mosarast OCTajJbHbIC CBOOOIHBIE HEU3BECT-
HbIEC paBHbBIMU ().



[Ipumep. HatiT yHIAMEHTAJIBHYIO CUCTEMY PELICHUI 1 00LLIEE peLe-
HUE OHOPOIHOM CUCTEMBI YPABHEHUM

(X, +2x, +4x, —3x, =0,
3x, +35x, +6x, —4x, =0,
4x, +5x, —2x, +3x, =0,

3x, +8x, +24x, -19x, =0.

Pewernue. Haiiiem paHT CUCTEMBI 7:

(1 2 4 -3\ (=397 (=3)—
356 -4 <j W N
4 5 -2 3 | =
3 8 24 -19) <
(1 2 4 -3 1 2 4 =3)

0 -1 -6 5 |94 |0 -1 -6 5
1o =3 -18 15 <——| _|~{-)—6—9—&

0 2 12 -10)< e




OcTaBuM NEPBHIE ABA YPABHEHUSI CUCTEMBI:
{xl +2x, +4x, -3x, =0,
3x, +5x, +6x, —4x, =0;
X, +2x, =—4x; +3x,,
3x, +5x, =—6x; +4x,.

Peuinm nonydeHHy1o cuctemy no ¢popmyaam Kpamepa:
Bi e o

A’ A

1 2|

X| =



=-20x, +15x, +12x, —8x, =—8x, +7x,;

C|H4Ax +3x, 2
' l6x,+4x, 5

s =

1 —4x,+3
‘ X% =—6x, +4x, +12x, -9x, =6x, - 5x,;

3 —6x,+4x,

X = B+ Tx, 8x,-7x,, x,= 0x, —15x4 =—-6x; +5x,.

OOmiee pemeHue CUCTEMBI OYIET UMETh BUIL
(x, =8¢, -7¢c,,
x, =—6¢, +3c,,

X3 =C,

X, =6,



M3 0011ero pemeHns1 HaxonuM (PYHIAMEHTAIbHYIO CUCTEMY PEILICHUIA:

(8 ) (7
o I A
\ 0 1)

C noMo1Ibi0 GyHIAMEHTATBEHON CUCTEMBI 00IIIEE PEIIEHUE MOXET OBITh
3aIMCAHO B BUIIE

X(c,c,)=c¢ ¢ +¢, -e,.

Teopema o cmpyxkmype obuiezo peuteHusi He0OHOPOOHOU CUCHEMbL AUHCUHBIX
ypasnenuu. Qbujee peuieHue coBMecmHoOlU HeOOHOPOOHOU CUCMeMbl NUHECUHbLX
YPABHEHUU PABHO CYMMe KaK020-1Ub0 ee 4acmH0o20 peuleHus u ooue2o peuie-
HUs1 0OHOPOOHOI CUCMeMbl, COOMBemcmayou,eil 0AHHOU HeOOHOPOOHO .

YacTHoe peimeHne HEOTHOPOIHOM CUCTEMBI MOXKHO ITOJIYYUTh, IPUPAB-
HSIB K HYJII0 BCE CBOOOIHBIC HEM3BECTHHIE. TaK0e peleHMe Ha3bIBACTCS 0a-
3MCHBIM peleHueM (B BHIOPAHHOM 0a3uce).



3aja4u ANq caMmocTofTeNIbHOr0 peLleHus

|. PemimTh CUCTEMBI METOOOM MATPUYHOTO UCUHUCJIICHUA:

Omeem: a)-

Xp— Xy + Xy=0;

a4 Xp— 20+ X=9,

X, —4x, —2x;=3;

xl =_], xl =_9,

X% =3, b)< x, =-10,

X, =4 x; =13.

b)

<

3x,+ Xx,+3x, =2,
3x, —2x, + 2x; =1,

12X, +2x, +3x, =1.



2. Pemmts cuctemsl 110 (hopmynam Kpamepa:

Omeem: a):

(4, +2x, — x,=1, [ 5x, +2x, +5x, =4,
a)sdx, +3x,-2x,=2, b)y 3x,+5x,-3x;=—1,
3x, +2x, - 3x; =0, —2x; —4x, +3x; =1.
(x, =-1, (x, =-7,
23 =3 b)z.06="1,
| x; =1 | X; =3.

3. UccnenoBaTtb COBMECTHOCTD M HAWTH OOILIEE PEILIEHUE CUCTEM

(5%, +12x, 4 5x,+3x, =10, [ X = %+ 3x,+ x,=6,
a)<4x, +3x, +x; +3x, =2, b)s7x,+5x,— 7x;— x,=8,
11x, +11x, +4x; +8x, =8, | X +8x, —18x; —5x, =-6.

Omeem: a){

x, =8-9x, —4x,,

b)cucreMa HeCOBMECTHA.

x, =—10+11x, +5x;;



