YNCNOBbLIE NOCJIEAOBATEJIBHOCTH 10.1

PacnonoxeHHbIE APYT 32 APYTOM /2 YUCEHI X1, X2, ..., Xn OOPA3YIOT YUCIOBYIO
MOCJICI0BATCIIBHOCTD JIJIUHBI 1.
[TycTh KaxI0My HATYPAJbHOMY YHCIIY 7 TIOCTaBJICHO B COOTBETCTBUE YHCIIO X», TOTAQ
TOBOPSIT, UTO JIaHA MOCIEA0BATEIBbHOCTD X1, X2, ..., Xn,..., KW TaK: {x»}. OOIIu 4jeH
MOCJICIOBATCIIBHOCTH X» IBIISICTCS (DYHKITUCH apryMeHTa 1, x»= f(n). JlaBas n pa3audHbie
3HadyeHus (n =1, 2, 3, ...,) moay4aeM MocCJeI0BaTeIbHOCTh 3HAUEHUM 3TON (PYHKITUU:
A1), A2), ..., f(n).
J1st 3aganust 0€CKOHEUHOM MOCIEA0BATEILHOCTH {X»} HYKHO yKa3aTh IMPABUJIIO, IO
KOTOPOMY JTI000OMY 77 MOKHO ITIOCTaBUTh B COOTBETCTBHUE X». [lOCIEI0BATEILHOCTD MOXKET
OBITh 3aJlaHa: TAOJIMYHO, TPAUUYSCKU WU C IIOMOIIBI0 (POPMYJIBI 00IIEro YJIeHA
MOCJIEI0OBATEIIBHOCTH X» = f(n), T1€e f(n) — HEeKoTopoe BeIpaxkenue. He mis kaxmon
MOCJIEI0BATEIbHOCTH MOXKHO 1M0100paTh (hopMyny OOIIEero yjeHa.

1
IIycTh nana mocieaoBaTeIbHOCTh {;} torma ee wiensl: 1, 1/2, 1/3, ..., 1/n,... . cTb,

[TocnenoBaTeIbHOCTD, A1 KOTOPOU X» = 2n — 1 UMEET CIeAYIOIUN BU;
{1,3,5,7,...,2n-1,...}.
s mocanenosarenprnocty 1.1, 1.01, 1.001,...mmm 1+1/10, 1+1/100, +... oOmumii uiieH

HUMEET BU. {1 11 L}
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10.2

HOCHCI[OB&TGJ'IBHOCTI/I MOKHO CKJIaJIbIBATb, BbIYUTATb, YMHOXATh U JCJINTL:

1) cymma pByX mnocnemoBaTenbHOCTEH {x,} W {y,} — 3TO TaKasa
HOCIENOBATENBHOCTD {Z,}, UTO Z, = Xy + Vu, T.€. {Zn} = {Xn} + {¥n} = {Xn + Vn};
2) pazHocms IBYX TIOCIENOBaTElIbHOCTEH {Xx,} U {y,} — 3TO Takas

MOCJIEN0BATENBLHOCTD {Z,}, YTO Z, = Xy — Vn, T.€. {Zn} = {Xu} — {Vu} = {Xn—Vn};
3) np0u3eedeHue {xn} : {yn} = {X,, 'yn};

{xn} {xn}
4 —= = 1—t; % 0.
) uacmmoe g . y

ITocnenoBarenbHOCTD {X»} Ha3bIBACTCS o3pacmaroweli (yovisaroujell), €CIM AJIsl JIIOOOTO HOMEpa 7
BBITIOJIHSIETCSI HEPABEHCTBO Xn+1 > Xn (Xn+1 < Xn).

[TocnenoBaTeNnbHOCTD {X,} Ha3bIBaeTCS Heybbvisalowell (Heso3pacmaroweil),
€CJIH ISl JIIDOOTO HOMEpa /1 BBITIOIHACTCS HEPABEHCTBO X+ = X, (X401 < X;,).

Bce »93TM nocnenoBaTeNbHOCTH  HA3bIBAKOTCA  MOHOMOHHbLIMU, A
BO3pACTalOLIUE U YOBIBAIOIINE MTOCIEAOBATEILHOCTUH — CMPO2O MOHOMOHHbIMU.

[TocnenoBaTenbHOCTD b HA3bIBACTCSI  O2PAHUYEHHOU  CBepXy
(oepanuuennolt cHu3zy), €ClIM CYWIECTBYET Takoe 4yuciao M (wiu m), 4TO s
mo00oro HOMepa n HMMEET MECTO HEpPaBeHCTBO X, < M (wmu x, = m).
[TocnenoBaTenbHOCTh HA3bBIBACTCA OTPAHUYCHHOMW, €CJIM OHA OrpaHWYCHaA Kak
CBEpXY, TaK U CHHU3Y.



Apudmernyeckasi nporpeccust

Apudpmernueckas nporpeccusi. Koneunas mim OecKOHEUHasi 4MCIOBasi
MOCJIEJOBATEILHOCTh {@,} Ha3bIBAaCTCS apU(PMETUYECKONW MPOrpecCHel, eCciu
KOKIbI €€ uieH, HA4YMHas CO BTOPOrO, paBEeH IMPEAbAYIIEMY YJIEHY,
CJIIO)KEHHOMY C OJJHUM M TeM ke 4ucioM d. Uucno d Ha3piBaeTcs pa3sHOCTHIO
apu(METHUYECKOM MPOTPECCUH, T.€. @+ = a, + d. Ecnu d > 0, To nporpeccus
ABJIsIETCS Bo3pacrtarome, ecnu d < 0, To mporpeccusi ABisieTcsl yObIBAIOIIECH.

Takum oOpazoM, n — bl WieH apuMETHHYECKON mporpeccuu 3aaaérces

cleayrumM odpasom a, = a; + d(n — 1), cyMMa nepBbIX 7 YJI€HOB BBEIYHCIISETCSA
a;+an 2a,+(n—-1)d

no popmyne S, = = = > -

CaoiictBa apudmernyeckoit mnporpeccun. 1. Kaxapii uineH a;
apu(METHYECKOM TPOrPEecCCHMH, Ha4yuHasg CO BTOPOro, €CTh CpeaHee
apu(pMETHYECKOE €r0 COCEHUX YICHOB:

— Ok=1+0k41 _ Ag—m+Ak+m

A, = = rae m < k.
k 2 > y T

2. Jlna mo0oi apudmMeTH4ecKoil MporpecCuu BEPHO PABEHCTBO d, + a; =
=a,ta,ecmum+k=p+s.
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I'eomeTpuueckasi nporpeccust

I'eomeTpuueckasi mnporpeccusi. YucioBas mnociaeaoBaTenbHOCTh {b,}
Ha3bIBACTCSl TEOMETPUUECKON MIPOrPECCUEH, €CIIU KaXK/Ibli €€ 4iIeH, Ha4YuHas CO
BTOPOTO, PaBEH MPEIBIAYIIEMY WICHY, YMHOKEHHOMY Ha OZHO U TO K€ YHUCIIO §.
Yuciio ¢ Ha3bBa€TCAd  3HAMEHATEIEM  TEOMETPUYECKOM  IPOrpeCcCHH,
T.e.bp=b,.1-9,9% 0,b;#0.

Ecmm by > 0, g > 1 unu b) <0, 0 < g < 1, To mporpeccusi sBISETCS
BO3pacTaroLICH.

Ecmm by > 0,0 < g <1 wm by <0, g > 1, To nporpeccusi siBIsieTcs
yosBatomeid. Ilpu ¢ < 0 reomerpuueckass mnporpeccusi {b,} sBisieTcs
3HAKOTIEPEMEHHO}.

@opMynna n — TO0 4I€HAa TEOMETPUYECKOM MPOrpeccu 3aaacrcs
cremyommum obpazoM b, = b, - ¢!, cyMMa NEpBBIX 71 YICHOB BBIYHCIIACTCS 110

dbopmyne:

n

Sp=Dby - oy TPHg# 1

ectug=1,S,=nb,.

CaoiicTBa reomerpuyeckoii nporpeccun. 1. KBaapar moboro unena by
r€OMETPUUYECKOM MPOrpecCHy, Ha4yMHasi CO BTOPOTO pPaBEH IMPOU3BEIACHUIO

COCETHUX C HUM WICHOB: b = b, -b,,

2. Jlns 1r000# reOMETPUUECKOM MPOrPECCHH BEPHO PaBEHCTBO b, - by

=b,-b,ecrum+k=p+s.

Ecmu |g| < 1, TO reomeTpuyeckas nporpeccus Ha3bIBACTCs OECKOHEYHO

yoblgaroweti 2eomempuyecKkoll npozpeccueil.
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Yucio, K KOTOPOMY CTPEMHUTCSI CyMMa 7 TEPBBIX WICHOB OECKOHEUHO
yOBIBaIONICH T€OMETPUUYECKON MPOrPECCUM MPU HEOTPAHMYECHHOM BO3pacTaHUU

10.5

n, HAa3bIBACTCA €€ CYMMOﬁ, T.C.
S = lim S,

n—0o0
M UMEET MecTo GopMya: by
S=—.
1-q
ITonsTHe Npeae/Ia YUCJIOBOH NMOCIEI0BATEIbLHOCTH
Yucno a Has3bIBae€TCs MNpPEAEIOM IOCIEAOBATEIBHOCTH {X,}, €CIH Ul

M000T0 MOJIOKHUTEIBHOTO YHCIIa & HAaWAETCS Takoi Homep N, 4TO JUIs BCEX n >
N BBINONHACTCS HEPABEHCTBO: |q — x| < €.

Umn  g—g<x,<a+¢. Unarepsan (a — €, a + €) Ha3bIBAIOT «E - OKPECTHOCTHIO» TOUYKH 4.

['eomeTpuuecku onpeaeacHue mpeaeiaa MOXXKHO CPOpMyIUpOBaTh CIEIYIOIMM 00pa3oM:

YUCIIO @ €CTh MPEAEH MOCIEA0BATEIbHOCTU {X»}, €CJIM KaKoBa Obl HU ObLIA € -

OKPECTHOCTh TOUKH @, HAUMHas ¢ HEKOTOPOr0 HOMEpPa BCE TOUKH X» IOMAAYT B ATy

OKpPECTHOCTD, T.€. BHE MHTepBana (a — €, a + €) OCTaHETCS JIUIITb KOHEUHOE YHCIIO YJICHOB

IIOCJIEIOBATEIbHOCTH.

Ecau nocienoBarenbHOCTh UMEET MIPEASIOM YUCTIO @, TO TOBOPST, YTO

IOCIIEN0BATENLHOCTD CXOOUMCs K YACIY @ U 3alMCBIBAIOT TaK: lim x, = a
n—aeo

MHaYe IMOCIICI0BATEIbHOCTh — PACXOIUTCHL.

Cxoosawascs nocied0o8amelbHOCHb UMeen moJlbKo 00UH npeoer!

’



Heobxooumoe ycnosue cxooumocmu. YtoObl mOCIEAOBATEIBHOCTH
cXoaunach, He0OXoauMo, 4yTOObl OHAa ObLIa OrpaHMYEHHOW. JTO YCIOBHE HE
ABIISIETCSL AocTaTouHbIM. Ho, ecim mocneaoBaTenbHOCTh CXOAMTCS, TO OHA
00s13aTE€IbHO OTPaHUYEHA.

Hocmamounble npuzHaku cxooumocmu.
Teopema. Eciu nocnegoBaTtenbHOCTH {X,} W {z,} CXOOATCS U HUMEIOT
paBHBIC MPE/ICIIBI
lim x,, = lim z,, =aq,

n—oo n—oo
U, eciu X, < y, < z, IpU JIIOOOM 7, TO TOCIEAOBATEIBHOCTD {),} CXOAUTCS U €&
npejiell paBeH a.

Teopema. HeyOrniBaromas (HeBO3pacTaromiasi) MOCJIEI0BATEIbLHOCTD,
OrpaHMYCHHAs CBEPXY (CHU3Y), UMEET Npeae.

1 n
Hampumep, mnocneoBaTelbHOCTh € OOIUM YJIEHOM X, = (1 +;)

SIBJIIETCS] BO3PACTAIONICH U OTPAaHUYCHHOM CBEpXY, MPUUEM X, < 3 mpH BCEX 1 U
MMEET Mpe/ieil, Ha3bIBAEMbIH YHUCIIOM €:

n

lim (1 + —) = e.
n—oo n

Yucno e sBIseTCs UppallMOHATIBHBIM YHCIIOM, e = 2,71828182... .
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beckoHeYHO MAJIbIEe H 0€CKOHEYHO 00JIbIIHE MOCJIeA0BATEILHOCTH 10.7

[TocrnenoBaTeILHOCTE {X,} SABISETCS OECKOHEYHO MANOol, €CIIH
lim x,, = 0.
n—oo

YKakeM HEKOTOpbIE TEOPEMBI 0 OECKOHEUHO ManbIX (0.M.) BeIMYHHAX.

Teopema. Cymma (pa3HOCTh) JABYX O.M. BEJIMYMH €CTh BEIWYHHA
OEeCKOHEYHO Manas.

Teopema. IIpousBeneHue O.M. BEIMYMHBI HAa OTPAHHUYCHHYK €CTh
OEeCKOHEYHO Maliasi BeJIMYMHA.

Cneocmeue 1. Ilpou3BeneHHe NOCTOSIHHOM BEJIMYMHBI Ha O0.M. €CThb
BeIM4YMHA OECKOHEYHO Maias.

Cneocmeue 2. llpousBeneHue AByX 0.M. BEIMYHH €CTh OECKOHEYHO Manasi
BEJIMYMHA.

Cneocmeue 3. Ilpom3BenaeHHE NMEPEMEHHOW BEIWYHMHBI, CTPEMSIICHCST K
npeaeny, Ha 0.M. ecTb OECKOHEUHO MaJiasi BEJIMYHHA.

[TocnenoBaTrenbHOCTh {X,} SBISETCS OECKOHeYHO OONbWOU, €CIH s
m000ro MOJOKUTENBHOTO uyucina M Haiaércs Takod Homep N, 4TO Ay Bcex
n > N BBINOJIHIETCS HEPABEHCTBO |x,| > M. 'eOMETpUYECKH 3TO 03HAYAET, YTO
st modoro M > () Bce wieHbl MOCIEAOBATEIBHOCTH {X,}, KpOME HEKOTOPOTO
KOHEYHOTO YHCJIa UX JIeKaT BHE oTpe3ka [—M, M]. Eciu nocneaoBaTeabHOCTh
OecKOHEUYHO OoJIbIIas, TO TO 3alIUCHIBAIOT TAK:

lim x,, = oo.

n—0o

Ecnu nocnenoBatenbHOCTh {X,} OeckOoHeuHO Oombas U €€ WiIeHbl, KpOMe,
BO3MOKHO, HCKOTOpPOIo qucliia, IMOJIOKHUTCIIBHEI, TO 3alMUCBIBAKOT
lim x,, = +oo.

mn—00



Eciau unensl MNOoCJIICAOBATCIIBHOCTH {X,,} OTpHULATCIIbHBI, KPOME€ HEKOTOPOI'O
qHuciia, TO 3alIMChIBAKOT
lim x,, = —oo.

n—oo
YkakeM HEKOTOpbIE TeopeMbl 0 OeCKOHEUHO OobuX (0.0.) BeMUUUHAX:

— 0.0. BeMumHa npeiesia He UMEET;

—  NpPOU3BEIACHUE TMOCTOSIHHOW BEJIMYMHBI HE paBHOM Hymwo Ha 0.0.
BEJIMYUHY €CTh BEJIUYMHA OECKOHEYHO OOJIbIIas;

— MPOU3BEICHHE ABYX 0.0. BEIMUUH €CTh BEIMUMHA OECKOHEYHO OObIIas;

— cymMa aByx 0.0. BeJIMYMH OJMHAKOBOTO 3HAKa €CTh BEJIWYHHA
OeCKOHEYHO 0O0JIbIIas TOTO K€ 3HAKA;

— OTHOmIEHHUE 0.0. BeJIMUYMHBI K 0.M. BEJIMYHHE €CTh BEJIMUMHA OECKOHEYHO
Masas.

Ceasze  medxcdy OeckoHeyHo  OonbuwuMu U OECKOHEeYHO  MalbIMu
MOCJICIOBATEILHOCTSIMH ~ ONpPEACNISIETCS  CIEAYIOIUM  00pa3oM:  eciH

MMOCICA0BATCIIBHOCTD {x,,} OeckoHe4YHO Manasg U BCe €€ WIEHBbl OTJIUYHBI OT

1
HYJISI, TO NOCJICIOBATEIbHOCTD {—} OeckoHeyHO OobIIas, 1 Ha00OPOT.
Xn
OO0 oTHOIIEHUH ABYX O€CKOHEUHO 00nMbIINX (OECKOHEUYHO MaTbIX) BEIIMYHUH
o 0

rOBOPST, YTO OHO MPEACTaBISET COO0OH «HEOMpeaenEéHHOCTH» BHUIA il

-— ~

HpOI.ICCC OTBICKaAHHS TaKHX «HCOI'IpCIICHéHHOCTCﬁ» Ha3bIBACTCA «PACKPBLITHEM
HCOHpCHCHéHHOCTI/I». K HUCITY HCOIIpCI[CJ'IéHHOCTCﬁ OTHOCAT BBIPAKCHUS BHUA:
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Teopembl 0 npeaenax 10.10

[IycTh CymiecTBYIOT Ipeeiibl 0CIE10BATEIbHOCTEH
lim x, =a, limy, =),

n—oco n—oo

TOorJAa CymeCTBYHOT NPEACIIbI CICAYIOIINUX MOCJIEA0BATEILHOCTEH:

lim (x,,ty,) = lim x,, + lim y,, = atb;
n—oeo n—oo mn—00

lim(x, - y,) = lim x, - limy, =a-b;
n—0e0 mn—00 n—0oo x lim xn a

n n—oo
( )——z—,b;tO,bnth,VneN

lim(C - x,,)=C-lim x; = C -a; n—co " limy, b
n—co n—oco n—oco



Teopemsbl 0 npegeasHom nepexoge. 1. Eciu nocnenoBarensHOCTh {x, )
UMEEeT KOHEYHBIH Mpeel, TO i JII000ro ACHCTBUTEIBHOTO kK MMEET MECTO
paBEHCTBO:

k
lim (xf) = (lim xn) k=1,2,3,..,
n—oo n—co

T.e. MOXHO TMEpPEeXOJUTh K TMpeAely B OCHOBAHMM CTEHNEHU C JIHOOBIM
JICUCTBUTEIIbHBIM MOKA3aTEIIEM.

2. Ilpenen xopHsS k — OW CTEMEHH OT CXOJSALICHCS MOCIEIO0BATEILHOCTH
paBeH KOPHIO 3TOM K€ CTENEHH OT INpezelia MoCae 0BaTeIbHOCTH:

lim ¥ = * lith %, k= 203,40

n—oo n—oo

3. Ecnmu a > 0 u x,, npyUHUMAET TOJIBKO MOJOKHUTEIbHbIC 3HAYCHHS, 1 HMEET
npejies He paBHbIN HYJII0, TO UMEET MecTo GopMmya:

lim log, x,, = log, (lim xn),
n—oo n—oo

T.€. MOYKHO IEPEXO0IUTH K MPeJIeITy MO/ 3HaKOM Jiorapudma.
4. Ecnu a > 0 u x,, *MEET KOHEYHBIN Mpe/IeN, TO UMeeT MecTo (opmyna:

lim (a*n) = a(rltiﬂox"),
n—0oo

T.€C. MOXHO MEPEXOJUTh K NMPEACIY B OCHOBAHUH CTCIICHHU IIPpH (bHKCHpOBaHHOM
OCHOBAaHHHU.
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