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1)

Obwme MOMEHTHI

Ba)XHbl n o [
Heobxoanumoe, n
OOCTaToO4YHOE ycnoBsue
9KCTpeMyma.

JloKkarnbHbIN 3KCTPEMYM
He obAa3aTenbHOo
cCOBMagaeT C
HanMdOoNbLUUM NUNU
HaNMEHbLUUM
3HaYEHMNAMU PYHKLIUN.



Pa3bop [13 (PHI). HacTb 2.

NccnepgoBaTb Ha YCIOBHBIN SKCTPEMYM:

1.U =3 —8x + 6y,

ecin  x2+y? =236

LA, x,y)=3—-8x+6y+21; - (x?+y% —36)

/

I.=-8+1-2x= 0
L,=6+1-2y=0 = |

L, =x2+y2-36=0

524 18
68" B5J"

4 £ 4
X = — e —
Al % Al
3 j 3
T i = —
y 2’1 Y /11
16 9 25
A A 36
5 24 18
6° 5°5



MCCJ'Ie,D,OBaTb Ha yCJ'IOBHbIﬁ QKCTPEMYM.

L&=_8+11'2x
L3,=6+Al‘2y
I =x2+y?—36

=2y =0y I =0

Il =0, I%.=2% T =0y

v L. I, 2x 22; O
Lyr, Lyx Lyy 2y O 24

L’A,1/11 L:{Ix L,llly (O 2K 2)/)



NccneposaTb Ha YCINOBHbIA 9KCTPEMYM:

zox 22/{6 23’ 0 2, B 2
1 — . — xo
2y 0 24 0 24

=0-2x-(2x:24;, —0)+2y-(0—2y:2),) =

= —8x2/11 — 8y22,1 =

524 18
6: 5" B.J’

-8, (x?% + y?)

6 55

Makcumym

5 24 18)

Nnnioctpaumsa
3afa4yn Ha
MaKCUMYM:

https://www.wolf

ramalpha.com/inp

ut/?i=maximize+3

-8x%2B6Yy+on+x%

5E2%2By%5E2%3
D36




2.0 =2x*% 12xy+329%% 15,

ecmn  x% 4+ 16y% = 64

L(A,x,v) = 2x? + 12xy + 32y? + 15+ A1 - (x* + 16y? — 64)

y

& .
L, =

\

\

4x + 12y + A1 2x = 0

Ly =12x + 64y + 1, - 32y =0 =
Ly, =x*+16y°> — 64 =0

2x + 6y
X
16xy + 48y? = 3x? + 16xy
x?+ 16y% = 64

1=

1 2x + 6
g —BE L0V
X
) 3x + 16y =
/11 —
8y
L x? + 16y° = 64

j 2x + 6y

/‘{1= "

16y =a*
| X%+ x* = 64

= 3

(—%,4&,&),(—%,4\5, —ﬁ),(—%,—z}ﬁ,ﬁ),(—;—zxﬁ, i)
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L. =4x+ 12y + 1, - 2x
L', = 12x + 64y + 1, - 32y
Ly, = x2 +16y% — 64

Lbe=4+2, Ly, =64+321;, Lj,; =0
L =08, iy =2 Ly =92y

Uiy Upe Uy |=( 20 4422, 12

LH/1 L;x L;y 32y 12 64 + 32/‘11

L/11/11 L:lllx L%ly ( 0 2x 32y )

YAq



20 " fza 31223’ .| 2 12 - 2x 4+ 2],
X 1 = —2iX ¥ =
30y b Gl 32y 64 + 321, 32y 12

= —2x - (128x + 64x1; — 384y) + 32y - (24x — 128y — 64y1,) =
= —256x% — 128x2/11 + 768xy + 768xy — 4096)}2 — 2048y211 =
= —256(x2 + 16y2) — 1281, (x2 + 16y?) + 1536xy =

= —256 - 64 — 1284, - 64 + 1536xy = —16384 — 81921, + 1536xy

(-3 422 (~5. 42, ~VE) (-5, ~4VENE) (-5, -4V2. V)

9



[ padukn

e 3aga4ya MmakcmmMmmsaunu:

https://www.wolframalpha.com/input/?i=maxi
Mize+2x%5E2%2B12xy%2B32y%5E2%2B15+0on+
X%5E2%2B16y%5E2%3D64

e 3agaya MMHUMU3auun:

https://www.wolframalpha.com/input/?i=mini
Mize+2x%5E2%2B12xy%2B32y%5E2%2B15+0on+
X%5E2%2B16y%5E2%3D64
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3. Hantm npousBogHywo dyHKUMM U =x?+y%+2z% no
HanpaeneHuto Bektopa c(—9,8, —12) B Touke M(8,—12,9).

Ul = (¢q - grad U)

18| = \/xg +y2 + 22 =/(—9)2 + 82 + (—12)2 =289 = 17

. B f 9 8 12
AT T T T Al
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I = 2%

Uy, =2y

U, =2z
eradll = (2x,2y; 2z)

gradU| = (16,—24,18)
M

12



U. = (Cq - grad U)

. 9 8 12
BN I 17

orad U| = (16,—24,18)
M

il 9 16+8 38 19 o 144 +192+216 552
cly — 17 17 17 B 17 R
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4. Hantn npoussopHyto dyHkumM U = eX t¥*+z* g
HanpasneHuto Bektopa d = (4,—13,—16) B Touke L(—16; 4; —13)

U; = (d_(; . grad U)

_)

ld| = \/xg +y2 4+ 22 =42 + (—13)2 + (—16)2 = V441 = 21

d_,_c'i_ 4 13 16
O_E_ 97* DA 21
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2 2 2
UI ex = zx
[ =P RER 2y

Pigrangy o
_ex+y+Z . 7

N
|

oy pad S S BopsadZiy S5
gradU=(ex TV +zT L ) eXTHYItZ . 2y, ex +y<+z °ZZ)

grad UI = (—32e**1,8e**1, —26e%1)
L
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U, = (do + grad U)

=y 4 13 16
dO =N\ =T nor
21~ 21" 21

radU| = (—32e**!, 8e*l —26e%41)
g
L

4 13 16
U.| =—-(-32e**1) —— 8e*! —— . (-26e*) =
dIM 21 ( ) 21 21 ( )
_ 1281044416 ,,, _184 ,,

21 21



Panbl



YucnoBou psg — 310 beckoHevHas
cymMma

o0
a1 +as +ag + ...+ a, + ...; KpaTtkasa 3anuch: E an

n=1
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CxogmnmocTb psaaa
Ecnu pag cxoguTca, Mbl MOXXEM HaUTU CyMMy
paga.

T.e. cyMMa He pacTeT 40 OecKOHeYHOCTH, a
CKnaablBaeTcs B onpeaeneHHoe Ymcno.




3a4yeM HYXXHbl psaabl

Cnocob nccriegoBaTthb U annpoKCUMUPOBATb
doyHKUMIO (MPUBNNU3NUTENBHO ONNCaThb).



Uncnosble pagbl

La-d~42 F3FS5F
Li=d+ 2 = 8 5=

Li—d~42 F3FS5F

—3HaKOIIOCTOSIHHBIHN

—3HaKOHepeMeHHbII71

21



Uncnoeble paabl

1+1+2+3+5+ —3HaKOIIOCTOAHHBIA
3HaKo4epeayLwnmncs
I—1%+2—8 +'8— —3HaKoIllepeMeHHbIA

IL—31+2+3+ 5 —3HaKoIlepeMeHHbIA

22



CX0OoMMOCTb pAaoB. 3aMmeYyaHune

Co

n=1
Heobxogumoe ycnoeue CXOOANMOCTHU.

lim ay; =0

n—<co

EcnmHeobxoaonmoe ycrnoBme BEIMONMHAETCS,
TO pA4 MOXET CXOANTLCA U HYXXHbI AONOMHUTENbHbIE UCCcneaoBaHUg
(gocTtaTto4Hoe ycnosue).
Ecnu HeobBxoanmoe ycnosume He BbINONHAETCA, TO PSi4 TOMHO HE CXOAUTCS.

Heobxoanmble ycrnoBust HyXHbl, YTOObI OTCEATb HAaBEPHsIKa He CXoasLLmMecs
pAabI.
Ho okoH4YaTenbHbI NONOXUTENBHbIA OTBET NPO CXOAUMOCTb MO
HeobXoANMOMY YCNOBUIO Mbl 4aTb HE MOXEM.



OTarloHHble psaabl

. o 1
AapmoHnyecknun paa: Zn=1 ;

PacxoauTca.

n

1 1 1
—_— —— e s —
X1 X2 Xn

| —

rae n — KONMYecTBo Ynucen B paay
X1, X2, ..., Xn — YUCNA PAAA
h — cpeaHee rapMoHUuYeckoe



OTarloHHble psaabl

. o 1
[ApMOHUYeCcKUmn paa;: Z‘n=1 =
n

PacxoauTca.
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OTanoHHble pAabl

1
O606WEHHBIN FAPMOHNYECKUN pAA;: Z%O=1 =
n

* cxoamtca npu k>1
* pacxogutca npu k<1



[lokazaTenbCTBO pacXoaAMMOCTH
rapMOHUYECKOro psaa

N | =

N | =

W=
D=

A=

A=

> 1
2

1 1 1 1 1 1 1
10 11 12 13 14 15 16

1 1 11 1 1 1 1
16 16 16 16 16 16 16 16




[lokazaTenbCTBO pacXoaAMMOCTH
rapMOHUYECKOro psaa

f:l—1+ l . l_|_l 4 l+l_|_l_|_l + l_|_ ..:|_|_
k:lk | 2] 3 4 o 6 7 8] 9
5N L1 PO ] P P P - ..]+
2| |4 4| |8 8 8 8| |16
e b o = = = o
2 2 2
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CX0OMMOCTb PAO0B. SHAKOMOCTOAHHbIE PAabI

CO
g an
n=1

[lepBbIV NMpU3HaK cpaBHEHUS.
BTopoun npusHak cpaBHEHUS.
[MpusHak o’ Anambepa.
PagukanbHbi npusHak Kowu.
VIHTerpanbHbIn npusHak KoLu.
[MpusHak Paabe.

[MpusHak [aycca.

o O iR =

Kputepuin Kowu.

[pn3Hak=HeobxoanuMoe yCcroBue + 4oCTaTO4YHOE
ycrioBue o



MNMpu3Haku cpaeHeHus psidoe

00 00
I[aHI:I ABa psaa Z a, u Z bn — TaKHEC, 4YTO 0< a, S bn JJISI BCEX 7. Torna CIIpaBCAJIUBEI CIICAYIONIHUC ITPU3HAKU !
n=1 n=1

o0 o0
e Ecmu ) b, cxomurcs, T0 Y @, TaKKe CXOIUTCS;
n=1 n=1

o0 o0
e Ecmu ) a, pacxomurcs, T0 Y, b, Takke pacXOIUTCSL.
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2-U NpU3HaK CpaBHEHUA
(NnpenenbHbIN)

00 00
HYCTB JAAaHBbI 1Ba psijaa Z anp "1 Z bn, Y KOTOPBIX YWICHBI a,, U bn IHOJIOXKHUTCIIBHEI JIsA BCEX n. Tor,ua CIIpaBCAJINBbBI
n=1 n=1

ciaeayromuye nmpeaciabHbIC IIPU3HAKHA!

. an, (o] o0
e Ecmm( < T}Ln&o 5= < 00, TO obapana ) a, ¥ > b, mb0 cxongrcs, MO0 pacXoaATcs;
n n=1 n=1
E 1' an o0 (0 0]
CIH — =0, TO pA XOTUTCS :
. Jim - 0, TO psx nzzjl Q,, CXOIIUTCS, €CJI CXOAUTCS P nz::l b

. @5 o0 (0.}
o Ecm lim - = oo, 10 pan > a;, pacxomuTCs, €CIIM PACXOMUTCA P > | by,.
n n=1 n=1
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S ST
1001 © 2001

1

1000n +1 T
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1 1 1
1001 ' 2001 T To00m+1

0 1
[Ons cpaBHEHUA BO3bMEM rapMOHUYECKUM pas; anl ;
1
. n .
L W
1000n+ 1
- 1000n+ 1
= lim = 1000 = psaj pacXogUTCA

Nn—>0o n
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M 3

32

52

=i
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1 1 1

1 ce e
TR TR T +(2n—1)2+

o 1
[na cpaBHEHUA BO3bMEM pPAL,: an 1 ﬁ
1
2n — 1)2
lim ( ) =
now 1
n2
. n2 1
= lim = — = pAn CXO04UTCA

n-oo (2n —1)2 4
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CxoaumocTtb pagos. [NpusHak o’ Anambdepa

(00

. An+1
5 lim =
n— 0o a'l'l

n=1
Ecnn g<1 — cxooutceqa, g>1 - pacxoguTcs

CunbHbIW NPU3HaK, HO HE BCECUIBbHbIN:
q=1 => HY>XHbl 4OMNOSTHUTESIbHbIE UCCIeL0BaHUA.
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CxogumocTb pagos.. NpusHak a4’ Anambepa

(0.0)

Z 3 Un+1
58 lim =1
n—oo an
n=1
Ecnn g<1 — cxogutesd, g>1 - pacxoguTcs
g 1 _ PR R |
gtgttmt TR T
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CxooumocTtb pagos.. INpusHak g’ Anambepa

(00

. An+1
a, lim =
n—0c dp

n=1
Ecnu g<1 — cxogutcsd, g=>1 - pacxoguTcs

CambIn nonynsapHbIN NPU3HaK, HO
npu g=1 HY>XXHbl OOMONHUTENbHbIE
nccnegoBaHus.
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CxooumocTb psagoB. NpusHak o’ Anambepa

Z . An+1
58 lim =(q
n-co A,
n=1
Ecnn g<1 — cxooutcqd, g>1 - pacxoguTcs
i 1 & L 14 Psin
5 i3 Z s ﬁ i &1_)1130 n+1 : omn — E CXOoANTCH
1 3 .5 2n — 1 Psn
E + >3 + >3 R o + cxoanTtcs
2n+l 2n=1 _ Zn41 L

o 2 g ahe2@En-1) 2
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PagunkanbHbIA Npu3HaKk KoLuun

—+00
a1 +ay+azt...Hapt... =Y a,
n=1

Iim ¥a, =q

n—-+00

e ecnu g < 1, To paa cxoauTcs;
e eCNM g > 1, TO paa pacxoauTcs;
e ecnu g = 1, To paavKanbHblid Npu3Hak Kolwu He paboTaer.
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PagukanbHbIX Npu3Hak KoLuu.
[Tpumep.

51 -1 ](”“f

;[6n+?



PagukanbH

bl Mpu3Hak Koww.

[Tpumep.

=]

2

51 —1 ](Mf
6n+ 7

. [5n—l\
lim X
R=w© bx +7;

RY:

( 5 ]}i_n;[uhg

0<1 -> pag
CXoaunTcH
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[Tpn3Hak Paabe

PaccMoTpuM MoNoXUTENbHbIA YACTIOBO PAA Y a -

el

X0 a

Ecnu cywwecTsyeT npeaen lim {n (a—" - 1]] =0, TO:
x4l
a) Mpu D <1 paa pacxogutca. [pu4em nonyyeHHoe 3Ha4eHne ) MOXeET ObiTb HyNeBbIM Ui
OTpuLaTeNbHbIM
0) Mpu D »1 paa cXxoaUTCA. B YacTHOCTH, pAg CXoauTca npu D =o.
B) Mpu D =1 npusHak Paabe He AaeT oTBeTa.

NcToYHUK: http://mathprofi.ru/slozhnye ryady.html

43



[Tpn3Hak Paabe — npumep.

(1 \
P, L | 2 n+1 2 .2
D= lim n|—— —1| = lim n k) —1| = Iim = wel)r—n =
n— co 1 n— oo n2 31— 0O ?.12
L (n+1)? )
n+1)2-n? 2n+1 2n+1
= lim n.[( )2 ] = lim n.[ 5 ] = lim =2>1
n— o H H— 0 n 2—=r00 n

— P4 CXOOHTCA I10 IIPH3HAKY Paaoe
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HecobcTBEHHbIE MHTErparbil.
[lononHeHune.

[1aH HeCcoDCTBEHHbIN MHTErpan:

j f(x)dx = lim I(b)= lim j £ (x)dx (1)

b—+o0 b—+o0

[Ipu 3TOM, ecrm npeaell B IIpaBoOM 4acTu (bOpMYJH)I (1) cymecrtByer
M KOHEYEH, TO HECOOCTBEHHBIM MHTErpajl  Ha3bIBAIOT

CXO00AWUMCAL.

B npoTuBHOM citydae (T.€. €CJIM TpeJiesl HE CYIIECTBYET UM PAaBEH
OCCKOHEYHOCTH) HECOOCTBECHHBIN MHTErpall Ha3bIBAIOT

pacxooauumc.
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VIHTerpanbHbIX Npu3HaKk KoLwn

—+00
ay +as +ag+...+ap+... = Zan
n=1
—+00
[laHHbIN psag cxoanTca ogHOBPEMEHHO / i ol
C HECOBCTBEHHbIM MHTErpanom: !

1

TO eCTb, ecnm Takon MHTEerpars MOXKHO rnocynTaTb, U OH HE
paBeH DECKOHEYHOCTU, psig CXOOUTCS.



VlccnepoBaTtb psAn ¢ MOMOLLbIO
MHTEerpanbHoro npmaHaka Kowin

1 5 1 I 1 4 i‘f 1
2In2  3In3 (n+1)ln(n+1) (n+1)In(n+1)

n=1

11151 3TOro HYXHO dz
nocunTaTb MHTErpan: (+1)In(z + 1)
1



VlccnepoBaTtb psAn ¢ MOMOLLbIO
MHTEerpanbHoro npmaHaka Kowin

[1na 3TOro Hy»XHO
nocyuTaTtb UHTErpan:

100 dx
fl (x+1) In(x+1)

z=In(x+1),dz = %Hd:c



VlccnepoBaTtb psAn ¢ MOMOLLbIO
MHTEerpanbHoro npmaHaka Kowin

[1na 3TOro Hy»XHO
nocyuTaTtb UHTErpan:

+ 00 +00
1+OO €2 —Inz = Inln(z + 1)
nZ2 z I 2 1
I

= limp oo InIn(b+ 1) — Inln(1 4 1)

I3amMeHa npeaenoB MHTErPUPOBaHUSA NMPU 3aMeHe
nepemMeHHon!



from sympy import *
init_printing()
x=Symbol('x")
f=1/(x+1)/1n(x+1)

.F

1
(z+1)log(z+1)

integrate(f,(x, 1, +00)) #aHanuTu4eckoe peweHue

NHTerpan
pacxoguTcs,
clriegoBarteribHO
pacxoauTca u pag,.

50



[1aBanTte nccrnegyem mn aToT pag

+00

L L ! + > !
2In’2 31?3 (n+1)*(n+1) (n+1)In®(n +1)

n=1



[1na aToro Hangem nHTerparn

+00

/ dx
(x+1) 1112(:1: +1)

1



[1na aToro Hangem nHTerparn

+00 dz 1+OO_ i L

In2 z* "  In(z+1) |4

1 , 1 1

= —limp_ o0 n(b+1) ' In(i+1) ~ In2

|I3amMeHa npenenoB MHTErPUPOBaHNA NPU 3aMeHe
rnepemMeHHOoN!
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1

T
2Ine 2

1

1

+00 1

T Feoruis
31n® 3 (n+1)In*(n +1)

from sympy import *
init_printing()
x=Symbol('x")
f=1/(x+1)/(In(x+1))**2
4F

1
(z+1)log(z+1)°

integrate(f,(x, 1, +00))

log (2)

7= (n+1)In’(n+1)

NHTerpan
cXoguTcs,
chepgoBarternbH
O pag ToXe
cXoguTcs.
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CxoanmMocCTb PSa0B:
3Hako4yepeaytoLmecsa psaabl

00
2 a')l.
n=1

1. TlpusHak JlenbHuua.
2. [lpusHak Abens.
3. lNpusHak OQupuxne.
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CxoonmocTb pagos. INpusHak JlenbHuua

CO

n=1
1.lima; =0

n—CO

2. Ianl = |an+1|

CO 00

Z |a,,| — cxopuTcs, TO Z @,, — CXOJIUTCS aOCOJIIOTHO

n=1 n=1

CO CO

z |a,,| — pacxoauTcs, To Z @,, — CXOJIUTCA YCIOBHO

n=1 n=1
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CX0QMMOCTb paaoB. 3aMmeyaHue

E ; = > 3 pPaCXoquTCA
n=

= (=1)" 1
z = —14+—=—=+4+ —CXOAUTCS YCJOBHO

n Z 3
n=1
— = — 4+ — —CXOJUTCA
2
n=1n 4 9
— (=1)" 1 1
z — :—1+Z—.§+ —CXOoUTCA abCOJIIOTHO
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Pag Tennopa

o= 3 2@

n=0

(x—a)"
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Pag Tennopa

COo

(n)
fo =y P -

: f*(a) 2 Y (a)
f@+f@eE-a+—F—@E- +...+ ——(@-a)

[oBopuUT. «pasnoxutb dyHkuuwo f(x) B psg Teunopa B
OKPECTHOCTU TOUKM a Wunn pasnoxutbe dyHkuuwo f(x) B pag
Tewnopa no cteneHaM (x — a)», 04HO U TOXe.

VlCI'IOJ'Ib3yI-OTCF| Aangd annpokcnmauunmn beHKLI,I/II/I MHOIovJ1ieHaMun
59



l series exp(x)

J3o Extended Keyboard # Upload

Input interpretation:

series  exp(x)

Series expansion at x = 0:

B L %
14X+ —+ —+ —+— +0(x°)
2 6 24 120

(Taylor series)

(converges everywhere)
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Approximations about x=0 up to order 3:
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2)(q ®) (g
fla) + f'(a)(z —a) + / 2!( )(:c—a)2+,.,+ ()

(z —a)”

k!
[Mpumep. PasnoxuTtb B OKPECTHOCTU 2:
2°+5-2+4 2-2+5
x4 +5x+4= O' (x —2)°+ = (x—2)'+

2 5 :
T (x—2)"=18+9(x—-2) + (x - 2)
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Pag MaknopeHa (pag Tennopa B
OKPECTHOCTU TOYKM 0)

n!
n=0
_ sin0 cosO . sin0 , cosO
S X — x0 + Ko — X° — X+ =
0! 1! 2! 3!

7 9 2n+1

e S e — 1?1
G TRLI-TR TR Z( )(2n+1)'

n=0
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Pag MaknopeHa. 3ame4vyaHue

3 5 7

x> x> x' X |
SiNX = —— fi—= —f Z(—l)”
— (2

AR T T
]

2 : 6

lim
x—>0 X x—0

3. "5 71 9

Co

X

2n+1

n

Sin X X x X X
=lim(1— +- — +——--~)=1

n+1)!
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Pag ®ypbe
f(x) =ay+ Z (a,, cos nx + b,, sinnx) Ha oTpeske [—m; ]
n=1
1 T
Ao = %_f f(x)dx

T
1
Ty =i f f(x) cosnx dx
—7T

s
1
b, = = f f(x)sinnx dx
—7TT
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3agaHue

f(z) = o

6. *pasnoxnTb pyHKUUIO B pag Pypbe no KOCUHYycam
Ha oTpeske L € m

7. *NnocTpouUTb rpaduk pyHKUUU U ee pasrioXeHUs
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Pag ®ypbe. beicTpoe npeobpasoBaHne Pypbe

NCTOYHUK:
> (PYHKLMOHAmNbHbI aHanus.

ObnacTb NpUMEHEHUA B NporpaMmMnpoBaHuN:
y ayano goopmMatbl .mp3
» hopmaTkl nsobpaxkeHun .jpeg, progressive JPEG
> BUOeo popmMaTtkl .mpeg
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Figure 1. FFT algorithm processing

v "
|

%4 genormcor.img M:1.0 4 Inverse FFT image M:1.0 M=] E3

-
3
|

2

j_:?j FFT image M:1.0 {

https://mipav.cit.nih.gov/pubwiki/index.php/Fast_Fourier_Transform
ation_(FFT)
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Fast Fourier transformation (FFT).

[lpnmeHatoTca B ayamno popmarte .mp3.

[10 aTOro popmarta aygmo AopoXxKa XxpaHmnach B
BUOE MaccmBa BPEMEHU N 3HAYEHNA aMNNNTyabl
3BYKOBOW BOJIHbI.

B dpopmaTte .mp3 XpaHATCA yXe KoadpPULUNEHTD
FFT. [pn 9TOM CyLLIECTBO COKpaLlaeTCcsd MECTO Ha
XpaHeHune 3BYKOBOU OOPOXKKMN. Bce

COBPEMEHHbIE MYNETUMEAUUHbIE opMaThl,

ocobeHHO paboTatowme B WHTepHeTe, Kak
NpaBwUIo, NOCTPOEHbI Ha FFT.



Cnacunoo!
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